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Abstract

In this paper, we consider higher order paired symmetric tensors and strongly paired sym-
metric tensors. Elasticity tensors and higher order elasticity tensors in solid mechanics are
strongly paired symmetric tensors. A (strongly) paired symmetric tensor is said to be positive
definite if the homogeneous polynomial defined by it is positive definite. Positive definite-
ness of elasticity and higher order elasticity tensors is strong ellipticity in solid mechanics,
which plays an important role in nonlinear elasticity theory. We mainly investigate positive
definiteness of fourth order three dimensional and sixth order three dimensional (strongly)
paired symmetric tensors. We first show that the concerned (strongly) paired symmetric
tensor is positive definite if and only if its smallest M-eigenvalue is positive. Second, we pro-
pose several necessary and sufficient conditions under which the concerned (strongly) paired
symmetric tensor is positive definite. Third, we study the conditions under which the homoge-
neous polynomial defined by a fourth order three dimensional or sixth order three dimensional
(strongly) paired symmetric tensor can be written as a sum of squares of polynomials, and
further, propose several necessary and/or sufficient conditions to judge whether the concerned
(strongly) paired symmetric tensors are positive definite or not. Fourth, by using semidefinite
relaxation we propose a sequential semidefinite programming method to compute the small-
est M-eigenvalue of a fourth order three dimensional (strongly) paired symmetric tensor, by
which we can check positive definiteness of the concerned tensor. The preliminary numerical
results confirm our theoretical findings.
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1 Introduction
For any positive integers m and n, an m-th order n dimensional real tensor can be denoted by
A = (Qiyiginy, )y WheTe a;,...5,, € R for all i; € [n] with j € [m],

here [I] := {1,2,...,1} for any positive integer I. We use T, ,, to denote the set of all m-th order
n dimensional real tensors. For any & = (a;,iy.i,n ), B = (biyig-im) € Tmn, we will use the inner

product defined by

n

<'Q{7 t%> = § ailiQ"'iny biliQ“'inL

i1, ,im =1
and the Hilbert-Schmidt norm defined by

1/2
" /

2
| s = Vi )= | Y ahiyein
ilv"' Jim=1
A tensor &7 € Ty, ), is said to be symmetric if its entries are invariant under any permutation of
indices {i1,%2,...,%m}. For any z = (x1,...,2,) € R", a tensor & = (a;,iy-i,,) € Trm,n defines a
homogeneous polynomial by

n

p(z) = Z Qiyigeipy Liy Tig = * * Ti,, - (1)
i1y im=1

We denote the degree of a polynomial p by deg(p). The polynomial p defined by (1) is said to
be positive semidefinite if p(x) > 0 holds for all z € R"; and p is said to be positive definite
if p(z) > 0 holds for all x € R™\{0}. Obviously, for nonzero tensors, m being an even integer
is a necessity for positive semidefiniteness. A tensor is said to positive (semidefinite) definite if
its corresponding homogeneous polynomial is positive (semidefinite) definite. Positive (semidefi-
niteness) definiteness of the polynomial is very important in many areas, which is related to the

Hilbert seventeenth problem [24].
For an arbitrary 2m-th order n dimensional tensor denoted by &7 = (i, j injo-imjm ), its indices
can be divided into m adjacent blocks {i1j1},. .., {imjm}. If entries of &7 are invariant under any

permutation of indices in every block {i;j;} for [ € [m], i.e.,
Qiyjringa-imim = @jririege-—imim — Qirjijaia-imim — = Qirjrizja--jmim>

then & is called a 2m-th order n dimensional paired symmetric tensor. It is well known that
the most important representatives for fourth order three dimensional paired symmetric tensors
are: the piezooptical tensor, the second order electrooptical effect (Kerr effect), electrostriction
and second order magnetostriction [5]. Furthermore, if a paired symmetric tensor additionally
satisfies block symmetry, i.e., if the tensor further satisfies that the entries are invariant under
any permutation of every block, then &7 is called a 2m-th order n dimensional strongly paired
symmetric tensor. The most significant representative of fourth order three dimensional strongly

paired symmetric tensors is the elasticity tensor, in which the pairwise permutability is based



on the reversibility of mechanical deformation work [5]. In the elasticity tensor and higher order
elasticity tensor [6, 9, 29], every entry @i, j izjo--imjn 15 called an m-th order elastic constant, which
is an important quantity in studies of elasticity theory. Positive definiteness of the elasticity tensor
is called strong ellipticity, which plays an important role in elasticity theory and has been studied
extensively (see, for example, [2, 4, 10, 11, 15, 20, 25, 26, 27, 28, 31, 33]).

In this paper, we consider positive definiteness of higher order three dimensional (strongly)
paired symmetric tensors. For simplicity of symbols, we only investigate some properties of
fourth order three dimensional and sixth order three dimensional (strongly) paired symmetric
tensors, mainly in positive definiteness of the concerned tensors. The results we obtained can be
similarly extended to the case of more higher order (strongly) paired symmetric tensors. Some
basic properties of fourth order three dimensional and sixth order three dimensional (strongly)
paired symmetric tensors are given in the next section.

Eigenvalues of higher order tensors, introduced by Qi [18] and Lim [13], have been studied
extensively in the recent years [1, 7, 19, 21]. The concept of M-eigenvalue for fourth order paired
symmetric tensor was introduced in [4, 20] and further studied in [32]. In Section 3, we extend
the concept of M-eigenvalue to sixth order three dimensional (strongly) paired symmetric tensors
and bi-block symmetric tensors, and further discuss some related properties. In particular, we
show that a sixth order three dimensional (strongly) paired symmetric tensor is positive definite
if and only if its smallest M-eigenvalue is positive.

Positive definiteness of polynomials has been being an important issue in many areas, which
has been discussed extensively. In [4, 17, 20], the authors studied positive definiteness conditions
of fourth order paired symmetric tensors, which plays an important role in elasticity theory. In
Section 4, following the ideas given in [4, 20], we further discuss positive definiteness of fourth
order three dimensional (strongly) paired symmetric tensors and propose several necessary and
sufficient conditions for which the concerned tensor is positive definite. Furthermore, we extend
the related results to the case of sixth order three dimensional (strongly) paired symmetric tensor.

A polynomial with real coefficients is called a sum of squares (SOS) if it can be expressed
as a sum of several squares of polynomials with real coefficients [12, 16]. It is obvious that
a polynomial is positive semidefinite if it is an SOS polynomial. In Section 5, we investigate
the SOS properties of polynomials defined by a fourth order three dimensional or a sixth order
three dimensional (strongly) paired symmetric tensor. We give several necessary and/or sufficient
conditions of a fourth order three dimensional (strongly) paired symmetric tensor being an SOS
tensor, and propose several conditions under which a fourth order three dimensional (strongly)
paired symmetric tensor is positive definite. In particular, we extend the related results to the
case of sixth order three dimensional (strongly) paired symmetric tensor.

In [8], the authors introduced the tensor conic linear programming problem and proposed
a sequential semidefinite programming method to solve it. As an application, they showed that
their method can be applied to find the smallest Z-eigenvalue of a symmetric tensor. In Section 6,
by using the special structure of the (strongly) paired symmetric tensor, we propose a sequential

semidefinite programming method to compute the smallest M-eigenvalue of a fourth order three



dimensional (strongly) paired symmetric tensor, which is an extension of the method proposed
in [8]. By this method, we can check whether a fourth order three dimensional (strongly) paired
symmetric tensor is positive definite or not.

In Section 7, we give some numerical results of our methods for judging whether a fourth order
three dimensional or sixth order three dimensional (strongly) paired symmetric tensor is positive
definite or not. The preliminary numerical results are consistent with our theoretical results.

Some concluding remarks are made in Section 8.

In the remaining parts of our paper, we will simply call a three dimensional strongly paired
symmetric tensor an elasticity tensor as the main motivation of our paper is the strong ellipticity

of elasticity and higher order elasticity tensors.

2 Preliminaries

In this section, we consider fourth order three dimensional and sixth order three dimensional
paired symmetric (elasticity) tensor and discuss related basic properties.

2.1 Fourth order paired symmetric tensor. For any & = (a;jx) € Ta3, if
Qijkl = Qjikl = Qijik = Qjak, Vi, j, k1€ {1,2,3},
then &7 is a paired symmetric tensor o/ € Ty 3; and if
Qijkl = Gjikl = Qijik = Gk and g = akyj, Vi, 4.k, 1€ {1,2,3},

then < is a fourth order three dimensional elasticity tensor [5].

For any tensor &/ = (a;jx1) € T4;3, the corresponding biquadratic form is defined by

3
Aty = Z Gijitiyey, Yo,y € R, (2)
ij,ke,l=1
Define
Ci= {o/ € Tay: Aa®y > 0,¥a,y € B}, ®)

Then, by a similar way as those in [22, 23], we can obtain the following results.

Proposition 2.1. Suppose that the polynomial </ x?y? and the set C are defined by (2) and (3),
respectively. Then, the following statements hold.

(i) The interior of C, denoted by intC, is nonempty, and

intC = {& € Ty3: Fx*y? > 0,Va,y € R¥\{0}}. (4)

(ii) The set C is a pointed closed convex cone.



Proof. (i) It is obvious that € has nonempty interior. We show that (4) holds. On the one
hand, if &7 € € is not positive definite, then there exists two nonzero vectors z,y € R? such that

@ x?y? = 0; and hence, for any € > 0,
(o — e6)a?y? = —e(zTa)(y"y) <0

where & = (e;jx1) € T3 is defined by

1 ifi=j4k=1
Cijkl ‘= o ]’ ’ \V/’i,j,k,l € {17273} (5)
0 otherwise,

This implies that </ ¢ int€; and hence, intC C {7 € Ty3: F2%y? > 0,Vz,y € R3\{0}}. On the
other hand, if & ¢ int@, then there exists a sequence {(B®*), €(k))} satisfying |2®)| s =1 and
€y > 0 for all k € {1,2,...} such that

o + e(k)%’(k) g Cforallk € {1,2,...} and lim €y =0,

k—o00

which leads to that there exist {z(®)} {y®)} C R? satisfying ||z*)|| = 1 and |y®)|| = 1 for all
ke {1,2,...} such that

(o + ey ™) (N))Z (y(k))Q <0.

Let z*,3* be the limiting points of {z(*} and {y®}, respectively. Then, ||z*|| = 1, |ly*|| = 1 and
o (z*)?(y*)? < 0, which implies that ¢/ is not positive definite; and hence, {7 € Ty 3 : &/2?y? >
0,Vz,y € R3\{0}} C intC. So, (4) holds.

(ii) For any &7, % € C and «a, 8 > 0, let € := a.e/ + %. Then, for any =,y € R?,

Cr*y? = (ad + BB)x*y? = ad 2’y + BABx*y* > 0,
which implies that € is a convex cone.
For any & = (aiji1) € C, if —«/ € €, then it follows from (2) that

3

_ 3
Z A5kl T LYYl = O,V.fﬁ, Yy e R )
3,9,k =1

which yields that @/ = 0 by arbitrariness of z and y. This implies that € is a pointed cone.
For any {ﬂf(k)} C € and limy_,o @®) = o7, it is easy to see that for any z,y € R”,

r%y? = lim d(k)m2y2 >0,
k—oo

which implies that € is a closed cone.
Therefore, by combining (i) with (ii), we conclude that the results of proposition hold. O

In the following, we define a class of matrices which is related to tensor & € Ty 3.

Definition 2.2. For any o/ = (a;ji1) € T4 3, we define a matriz by

M = (mg) with mg = a;,j,5, forall s,te€{1,2,...,9} (6)



where 111y - - - 19 and j1j2 - - - jo are two arbitrary permutations of 123123123 which satisfy that, for

any r € {1,2,3}, at least one of i3(r—1)4193(r—1)+203(r—1)+3 ANd J3(r—1)41J3(r—1)4+2J3(r—1)43 1S an
arbitrary permutation of 123. We say that the matriz M defined by (6) is an unfolded matrix

of tensor of with respect to indices i1io - --i9 and ji1ja- -+ jg.
The following result is easy to be obtained.

Proposition 2.3. Suppose that &/ € Ty 3 is a paired symmetric tensor, and M is its unfolded
matriz defined by Definition 2.2. Then, the matrix M is symmetric.

For any &/ € Ty 3, we define
e matrix M*! = (mg) € R by

M= (ml,) withml, = mé(i_1)+k73(j_1)+l = a;ji for any 4,5, k,1 € {1,2,3}; (7)
e and matrix M? = (mg) € R by
M? = (m?) with m? = m%(k—1)+i,3(l—l)+j = a;jp for any 4,5, k,1 € {1,2,3}. (8)

Then, M and M? are two unfolded matrices of <7.
Moreover, for any i, j, k,l € {1,2,3}, we define two block sub-matrices of tensor </ by

Ajj = (aijkl>kl and By := (aijkl)ij- ()
Then, we can easily obtain the following results.

Proposition 2.4. For any o/ € T4 3, suppose that matrices M, M?, Ai; and By are given by
(7), (8) and (9), respectively.

(i) If o € Ty3 is a paired symmetric tensor, then the following statements hold.

(a) The matrices M' and M? are symmetric, and

A A Az Bi1 B2 Bis
M'=| Ay Ay A and M?= | By By Bas |; (10)
Az1 Aszz Ass B31 B3» Bs3

(b) All sub-matrices A;; and By are symmetric.
(i4) If o € Ty3 is an elasticity tensor, then M* = M?2.

2.2 Sixth order paired symmetric tensor. & = (a;jripq) € Te 3 is a paired symmetric tensor

if its entries satisfy
Qi5klpg = Qjiklpg = Gijlkpg = Qijklgp, Vi,j, k7 lvpa qc {17 27 3} (11>
Furthermore, a paired symmetric tensor o7 € Tg 3 is a sizth order elasticity tensor [5] if

Qi5klpqg = Qklijpg = Qijpgkl, Vi,j, k, lapa qc {17 27 3} (12)



For any tensor &/ = (a;jkipg) € T6,3, the corresponding homogeneous polynomial is defined by

3
2,22 . 3
Ay z = E Qi jkipgTiTi YY1 Zp2q, VT, Y,z € R”. (13)
i,0,k,lp,q=1

Then, similar to Proposition 2.1, we have the following results.
Proposition 2.5. Suppose that </ x>y?2? is defined by (13). Then, the following statements hold.

(i) The interior of set D defined by D := {</ € Tg3 : o/ 2%y?2% > 0,Vz,y, 2 € R3} is nonempty,
and intD = {o € Tg 3 : F2*y*2? > 0,Vx,y, 2 € R*\{0}}.

(i) The set D is a pointed closed convex cone.

Similar to Definition 2.2, we define the unfolded matrix of sixth order three dimensional tensor

as follows.

Definition 2.6. For any & = (aijupq) € Te,3, we define a matriz by

N = (ng) with ng = ai,j.jkk forall s,te{1,2,...,27} (14)
where i1ig -+ - i97, J1jo - + - jor and kiks - - - ko7 are three arbitrary permutations of 123123 - 123 which
27
satisfy that, for anyr € {1,2,...,9}, at least one of i3(;—1)+193(r—1)+203(r—1)+3 J3(r—1)+1J3(r—1)+2J3(r—1)+3

and k3(r—1)41k3(¢—1)+2k3(—1)43 s an arbitrary permutation of 123. We say that the matriz N
defined by (14) is an unfolded matrix of tensor o7 with respect to indices iyis - - - i27, j1j2 - * j27
and kiko -+ - kor.

Obviously, the following result holds.

Proposition 2.7. Suppose that o/ € Tg3 is a paired symmetric tensor, and N is its unfolded
matriz defined by Definition 2.6. Then, the matrix N is symmetric.

In the following, we give several specific examples of the unfolded matrix. That is, for any
o € Tg 3, we define

N1 = (ng) € R with

Mst = N3B(i— 1)+ (k—1)|+p,3BG—1)+(—-1)+q = Fijkipgs VisJ5 k1,0, q € {1,2,3};
N? = (ng) € R¥™?7 with

st = N3[3(k—1)+(i—1)]+p.3[3(1—1)+G—1)]+q = Gijkipg> VisJ> K, 1,0, q € {1,2,3};
N3 = (ng) € R?™*%7 with

Nst = n3[3(p—1)+(k—1)]+i,3[3(q—1)+(l—1)]+j = Qjjklpq> \v/ivjv ka lvpv qc {1’ 27 B}a (15)
Nt = (ng) € R¥™?7 with

st = N3[3(i—1)+(p—1)]+k,3[3G—1)+(g—1)]+1 = Gijkipg> VisJ> k,1,p,q € {1,2,3};
N5 = (ng) € R?™*?7 with

Nst = M3[3(k—1)+(p—1)]+i,3[3(—1)+(g—1)+j = Tijklpg, VisJ, Ky 1, p,q € {1,2,3};
N6 = (ng) € R¥*%7 with

Nst = f3[3(p—1)+(i—1)]+k,3[3(g—1)+(G—1)]+ = Tijkipg> Vi, J, Kk, 1, p, q € {1,2,3}.

Then, we have the following results.



Proposition 2.8. For any paired symmetric tensor o/ € Tg 3, we have the following results.
o All matrices N*,N2,..., NS defined by (15) are symmetric.
o If o/ is an elasticity tensor, then N' = N? = ... = NS,

For any tensor &7 = (aijripg) € Te3 and any i,5,k,1,p,q € {1,2,3}, we define three block

sub-tensors of tensor &/ by

Hij = (Qijkipg)kipgs Bt = (Qijkipg)ijpg  and  Cpq = (Qijhipq)ijkl- (16)
Then, we have the following results.
Proposition 2.9. For any &/ € Tg3, let sub-tensors o;j, B and €pq be defined by (16).

o If o is a paired symmetric tensor, then all sub-tensors <;;, B and €pq are paired sym-

metric tensors.

o [f o is an elasticity tensor (i.e., its entries satisfy (11) and (12)), then sy = Bst = Cst
for all s,t € {1,2,3}.

3 M-Eigenvalue and Properties

In this section, we extend the concept of M-eigenvalues for fourth order paired symmetric tensor
introduced in [4, 20] to sixth order three dimensional paired symmetric (elasticity) tensor and
bi-block symmetric tensor, and discuss some related properties.

For any paired symmetric tensor &/ = (a;jkipq) € Te,3, the corresponding homogeneous poly-
nomial is given in (13). For any z,y,2 € R3, we let &/zy?2%, o x?y2?, o/ x*y?2 € R? be defined
by

3
(%wyzzQ)i = Z QijklpgTjYkYiZp2q, Vi € {1,2,3},
Jk,lp,g=1
3
(A 2?y2?), = Z QijkipgTiTiYiZpZq, Yk € {1,2,3},
,5,0,p,q=1
3
(MnyQz)p = Z QijklpgTiTiYkizg, VP € {1,2,3}.
i7j7k7l7q:1
Then, it is easy to see that
(x, dxy?2?) = 2?2, (y, dxy2?) = 1%y, (2, A2y 2) = o 1%yP 2P (17)

hold for any z,y, z € R3.



Definition 3.1. For any paired symmetric tensor o/ = (aijripq) € Te,3, if there exist X € R and
z,y, 2 € R such that

T T

dxy’2? = e, Ay’ =Ny, dr*ylz= Nz,
z =1, yTyzl, z'z=1,

then A is called an M -eigenvalue of & and x,vy,z are the eigenvectors of & associated with the

M -eigenvalue .

Theorem 3.2. For any paired symmetric (elasticity) tensor o/ = (aijripq) € Te,3, its M-
eigenvalues always exist. Moreover, if x,y,z are the eigenvectors of </ associated with the M -

eigenvalue \, then \ = o xy%22.

Proof. Let .@72%y%22 be defined by (13). We consider the following optimization problem:

min o/z%y?2?
{ . (15)

st. x'lz=1, yTyzl, z' z=1.

It is easy to see that the feasible set of (18) is compact and the objective function of (18) is
continuous. Thus, the optimization problem (18) has at least a minimizer, say (z*, y*, z*), which

satisfies the first order optimality condition of (18), i.e., there exist «, 5,7 € R such that

Aoy (=) = axt, A ()Y () =By, A ()P(y) e = et
(@) Ta* =1, )Ty =1, (") =1,

This, together with (17), implies that
a=pf=v=d@@)y)E=)

Thus, « is an M-eigenvalue of & and z*,y*, 2" are the eigenvectors of & associated with the
M-eigenvalue a. We complete the proof. O

By Theorem 3.2, we have the following result.

Theorem 3.3. A paired symmetric (elasticity) tensor o/ = (aijripg) € T3 is positive definite if

and only if the smallest M -eigenvalue of <7 is positive.

This theorem demonstrates that positive definiteness detection of a paired symmetric (elas-
ticity) tensor &7 € Tg3 can be done by computing the smallest M-eigenvalue of 7. Moreover,

from Definition 3.1 and Theorem 3.3, it is easy to obtain the following results.

Theorem 3.4. For any paired symmetric (elasticity) tensor & = (aijripq) € T3, it follows that
A is an M -eigenvalue of &7 if and only if —\ is an M -eigenvalue of —<f; and furthermore, <f is
positive definite if and only if the largest M -eigenvalue of —<f is negative.

From the point of view of numerical calculation, Theorem 3.4 is useful since positive definite-
ness detection of a paired symmetric (elasticity) tensor o/ € T¢ 3 can be done by computing the

largest M-eigenvalue of —of .



For any (), z,v,2) € RxR? x R® x R® and tensor &7 € Tg 3, Av?y?2? is a rank-one sixth order
paired symmetric tensor with its entries being Az;x;yryi2p2, for all 4, j, k, 1, p, g € {1,2,3}. We say
that A« (*)2(y*)2(2*)? is the best rank-one approximation of & if (A, z*, y*, 2*) € RxR3xR3xR3

solves the optimization problem:

min |l — Az?y?2%|% 4

19
st. NeR and z'z=1,y'y=1, 2 2=1, Va,y,z € R3. (19)

The best rank-one approximation has wide applications in signal and image processing, wireless

communication systems, independent component analysis, and so on.

Theorem 3.5. For any paired symmetric (elasticity) tensor & = (ajripg) € Te 3, if s is an M-
eigenvalue of o/ with the largest absolute value among all M -eigenvalues of o7 , and x*,y*, z* € R3
are the eigenvectors of o/ associated with the M -eigenvalue Ay, then A (z*)%(y*)?(2*)? is the best

rank-one approximation of <f .

Proof. We denote the feasible set of (19) by €, i.e.,
Q:={(\z,y,2) eERxRxR*xR*: 2o =1,y y=1, 2" 2=1}.
On the one hand, since

min{|.« — A\z?y?2%|%¢ 1 (N, 2,y,2) € Q}
= min{|| ||} — 22 22y?22 + N (2" 2)(y Ty)(2T2) : (N, 2,9, 2) € Q}
= min{||«||%¢ — 2AZ2?y*2% + X\? 1 (\,z,y,2) € Q}

and when A = xxyyzz,

min{||.«/ — )\:xzszQH%IS (N zyy,2) €Q = min{||b<2f||%]s — (AN 2?y?2%)?% . (\z,y,2) € Q}
= HJZZH%{S —max{(Z2%y%2%)? . (\, 2,y,2) € Q},

it is easy to see that ||/ — Az?y?2?||% 4 is the smallest if and only if the absolute value of X is the
largest among all A € R satisfying A = 7229?22 and (\,2,9,2) € Q. On the other hand, since
A, is an M-eigenvalues of &/ and x*,y*, 2* € R? are the eigenvectors of & associated with the
M-eigenvalue A, from Definition 3.1 it follows that (A, z*,y*, 2*) € Q; and from Theorem 3.2 it
follows that A\, = o7 (z*)%(y*)?(2*)>.

Therefore, by the assumption that A, is an M-eigenvalues of &/ with the largest absolute
value among all M-eigenvalues of </, we obtain that A\.(x*)?(y*)?(z*)? is the best rank-one
approximation of .o/, which completes the proof. O

In the following, we introduce the bi-block symmetric tensor and study some related properties.

Definition 3.6. &/ = (aj,iy.is,,) € Tom,za is called a bi-block symmetric tensor if its indices
{i1,12,- -+ ,iom} are divided into two adjacent blocks {i1,ia,-- ,it} and {iz41, %42, - ,i2m} with
t € [1,2m] being an even number and entries of </ being invariant under any permutation of

indices in every block of {i1,i2, -+ ,it} and {ity1,%42, -+ ,i2m}, i.e€.,

=a (20)

ailiQ"'itit+1it+2”'i2m O’(iliQ"'it)(s(it+1it+2---’i2m)

10



for all iy, ia, ... iom € {1,2,3}, where o(iyiz---i) denotes an arbitrary permutation of i1ig - - iy

and (4410442 - - - iom) denotes an arbitrary permutation of t4416¢42 - - iom.
For any even number ¢ € [1,2m] and z,y € R3, we use the following notation:

e (ot ot o NT.
2t = (x, x5, 25) " ;
3

t,2m—t .__
A x'y = > Qiy-igipyr-iomTin * " TeYt+1 " Y2m
01,050yt 1, i2m =1

o w1yt € R3 with
3
(%wtilymn*t)i = Z Qiig-wigig1-iomLio *** LtYt+1 " " Y2m, Vi € {1, 2, 3},
12, 0ty T 1, yi2m =1
o gty?m =1 ¢ R3 with
3
(o 2ty?m=t=1), = > Qiy gy poinm Tig ** TtYt+2 Yo, Vi € {1,2,3}.

U1, 50,042, i2m =1

In the following, we consider the case of t = m.

Definition 3.7. For any bi-block symmetric tensor & = (@i, ..iyir 1-iom) € T2m,3 whose entries

satisfy bi-block symmetry given by (20) with t = m, if there exist A € R and z,y € R such that

T

A" ym =\, A2y = Ny,
Te=1, yTy=1,

then X\ is called an M -eigenvalue of o/ and x,y are the eigenvectors of &/ associated with the

M -eigenvalue .
Then, similar to Theorem 3.2, we can obtain the following results.

Theorem 3.8. For any bi-block symmetric tensor & = (4, ..iyir 1 -ism) € T2m,3 whose entries
satisfy bi-block symmetry given by (20) with t = m, M -eigenvalues always exist. Moreover, if x,y

are the eigenvectors of & associated with the M -eigenvalue X\, then A = </ x™y™.
By using Theorem 3.8, the following result holds.

Theorem 3.9. A bi-block symmetric tensor of = (ail"’itit+1”'i2m) € Tom 3 whose entries satisfy
bi-block symmetry given by (20) with t = m is positive definite if and only if the smallest M -

eigenvalue of < is positive.
From Definition 3.7 and Theorem 3.9, we have the following results.

Theorem 3.10. For any bi-block symmetric tensor &/ € Tay 3 whose entries satisfy bi-block
symmetry given by (20) with t = m, it follows that X is an M -eigenvalue of </ if and only if
=\ is an M-eigenvalue of —<f; and furthermore, &/ is positive definite if and only if the largest

M -eigenvalue of —o7 is negative.

Moreover, similar to Theorem 3.5, we can obtain the following result.
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Theorem 3.11. For any bi-block symmetric tensor & = (ai,...iziys1-inm) € T2m,3 whose entries
satisfy bi-block symmetry given by (20) with t = m, if A« is an M-eigenvalues of </ with the
largest absolute value among all M -eigenvalues of o7, and z*,y* € R3 are the eigenvectors of <

associated with the M-eigenvalue A, then Ao (x*)™(y*)™ is the best rank-one approzimation of

o .

For any bi-block symmetric tensor & = (@4, ...iyi41--iom ) € T2m,3 Whose entries satisfy bi-block
symmetry given by (20), when m = 2 and ¢t = 2, the tensor &/ reduces to a fourth order three
dimensional paired symmetric tensor; and hence, the definition of M-eigenvalue and results of

Theorems 3.8, 3.9 and 3.11 reduce to those given in [20]. For example, by Theorem 3.9 we have

Corollary 3.12. A paired symmetric (elasticity) tensor o/ = (asjp) € Ta3 is positive definite if

and only if the smallest M -eigenvalue of <7 is positive.

4 Eigenvalue and Positive Definiteness

In this section, following the ideas given in [4], we consider positive definiteness of fourth order
three dimensional and sixth order three dimensional paired symmetric (elasticity) tensors. Spe-
cially, we propose several necessary and sufficient conditions under which the concerned tensors
are positive definite.

4.1 Fourth order paired symmetric tensors. For any z,y € R3, we define two matrices by

y Any y' Ay y' Ay x' Biix x' Biox ' Bisw
Aly) = yTA21y yTA22y ?JTA233/ and B(r):= 90TB21€'3 90TB22$ J?TBzzsﬂf , (21)
y As1y y  Asoy y ' Assy 2" Bs1x ' Bsox ' Bssx

where A;; and By for i,j,k,1 € {1,2,3} are defined by (9). Recall that for any tensor &/ =
(aijr1) € T4, the corresponding biquadratic form is given by (2), i.e.,

3
0,5,k =1
Thus, it follows that

A2y =2 Aly)r =y B(x)y, Yz,y e R3.

Proposition 4.1. For any paired symmetric (elasticity) tensor o/ € Ta3, suppose that the ma-
trices A(-) and B(-) are defined by (21). Then, the following results are equivalent.

(i) The polynomial o7 x*y* defined by (2) is positive definite.
(ii) The matriz A(y) is positive definite for all y € R3\{0}.

(iii) The matriz B(x) is positive definite for all x € R3\{0}.

12



It is well known that a symmetric matrix M is positive definite if and only if all leading
principal minors of M are positive, which is the Sylvester’s criterion. Thus, we have the following

results, where det(M) denotes the determinant of the matrix M.

Theorem 4.2. Suppose that o/ € Ty3 is a paired symmetric tensor, the polynomial o x2y? s
defined by (2), and matrices A(-) and B(-) are defined by (21). Then, the polynomial o x*y* is
positive definite if and only if one of the following results holds.

(i) The matriz Aqy is positive definite, and

y  Anyy " Aoy —y  Aioyy T Asiy >0 and  det(A(y)) > 0, Yy € R*\{0}.

(ii) The matriz By is positive definite, and

2! Byjzx " Bygx — ' Bysxz | Boyz >0 and det(B(z)) > 0, Vz € Rg\{O}.

Furthermore, if <7 is an elasticity tensor, then the above (i) and (ii) are the same.
It is easy to see that

(a) y" A1yy " Aoy — yT A1ayy T Ao1y is a special homogeneous polynomial of degree 4, and
there exists a unique symmetric tensor .7, € T43 such that 7, Aly4 =y Anyy' Asy —
y' Arpyy " Ag1y; and

(b) det(A(y)) is a special homogeneous polynomial of degree 6, and there exists a unique sym-
metric tensor J7 € Tg 3 such that 725 = det(A(y)).

Similarly, there exist symmetric tensors ﬁf} € Ty43 and 932 € T¢,3 such that
(¢) Fpa* = 2" Byywx " Bogwr — 2" Byoxx " By and F2y® = det(B(x)).

By combining the theory of Z-eigenvalues of symmetric tensors with Theorem 4.2, we have the

following results.

Theorem 4.3. Suppose that o/ € Ty3 is a paired symmetric tensor, the polynomial o x2y? s
defined by (2), and symmetric tensors T}, T2, T4, T2 are defined by the above (a)-(c). Then,
the polynomial o/ xy? is positive definite if and only if one of the following results holds.

(i) The symmetric matriz A1y is positive definite, and the smallest Z-eigenvalues of the sym-

metric tensors I} and T} are positive.

(i) The symmetric matriz By is positive definite, and the smallest Z-eigenvalues of the sym-

metric tensors I and fg are positive.

Furthermore, if <7 is an elasticity tensor, then the above (i) and (ii) are the same.
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4.2 Sixth order paired symmetric tensors. In this part, we consider positive definiteness of
sixth order three dimensional paired symmetric tensors and elasticity tensors.

For any z,y, 2 € R3, we define three matrices by

1y? 2wyt sytR?

Aly,z) = lory?z? dhay?2? ehzy?2? |,

Ay1yP2? alspy?a? alssyta?

PB11x%22  Brox?2? Bizax’z?

B(z,z) := B 1222 PBoa?2® PBoga?Z? |, (22)
@31$222 %32.%222 %33%222

G’y Gaay® Czxiy?

Clz,y) = Co1?y? Conxy® Crxiy?

Caaty?  Caxy® Char’y?

Then, it is easy to see that
A2y =a Ay, )z =y  B(z,2)y = 2 C(z,y)z, Va,y,z € RS (23)

Proposition 4.4. For any paired symmetric (elasticity) tensor o/ € Tg 3, suppose that matrices
A(-,-), B(-,-) and C(-,-) are defined by (22). Then, the following results are equivalent.

(i) The polynomial o/ x*y*2% defined by (13) is positive definite.
(ii) The matriz A(y, z) is positive definite for all y,z € R3\{0}.
(iii) The matriz B(x, z) is positive definite for all x,z € R3\{0}.
(iv) The matriz C(x,y) is positive definite for all x,y € R3\{0}.
Furthermore, if o/ is an elasticity tensor, then the above (ii), (iii) and (iv) are the same.
Furthermore, by Sylvester’s criterion we have the following results.

Theorem 4.5. For any paired symmetric tensor o/ € Tg3, we assume that matrices A(-,-),
B(-,-) and C(-,-) are defined by (22). Then, the polynomial </ x?y?z? is positive definite if and
only if one of the following results holds.

(i) ah1y*2? > 0, (1y°22)(Saoy?2?) — (A2y?2%) (a1y?2%) > 0 and det(A(y,2)) > 0 for all
y,z € R3\{0}.

(i) B112%2% > 0, ($B112%2%)(Boar?2?) — (B122%22)(Ba2%2%) > 0 and det(B(x, z)) > 0 for all
z,z € R3\{0}.

(iii) C11xy? > 0, (Crix’y?)(Gaoz’y?) — (Grax?y?)(Go12%y?) > 0 and det(C(z,y)) > 0 for all
z,y € R3\{0}.

Furthermore, if o/ is an elasticity tensor, then the above (i), (ii) and (iii) are the same.
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We consider the above result (i).

e [t is easy to see that 271 is a paired symmetric tensor; and hence, the positive definiteness
of @1y%2% can be checked by the minimum M-eigenvalue of the tensor <% given in the

above subsection.

o It is easy to see that (@1y?22)(asy?2?) — (12> 2?) (1Y% 2?) is a homogeneous polynomial
of degree 8 with special structure. We can define the unique paired symmetric tensor
fj € Tg 3 such that

Tyt = (d1y>2%) (daoy®2?) — (hoy?2?) (ary?2?),

where (T4 )irigis = (T4 )o(irisisia)o(isiginis) With o (i142i3is) being an arbitrary permutation
of dyigigig. Thus, (A1y?2?)(asy?2?) — (h2y?2?)(o1y?2%) > 0 can be checked by the

minimum M-eigenvalue of the tensor .7, Al.

e It is easy to see that det(A(y, z)) is a homogeneous polynomial of degree 12 with special

structure. We can define the unique paired symmetric tensor .7, j € T12,3 such that
T35 = det(A(y, 2)),

where (9142)2'112-.-2‘12 = (fj)

o (i1-ig)o(ir-i1z) With o (i1---ig) being an arbitrary permutation

tensor .7, f.
Similarly, we can define paired symmetric tensors .7, Bl, 9(} € Tg3 and 932, ﬂg € Ti23 by

Taatzt = (B112%22)(PBaoa?2?) — (Br2322%) (Bna?2?),  TEx020 = det(B(w, 2));
Toatyt = (Gua®y?)(Caa®y?) — (Gr20?y?)(Gna®y?),  TEa®° = det(C(z,y)).

By combining Theorem 3.9 with Theorem 4.5, we have the following results.

Theorem 4.6. For any paired symmetric tensor &/ € Tg 3, the polynomial of 2y%2? defined by
(13) is positive definite if and only if one of the following results holds.

i) The smallest M -eigenvalues of tensors <11, T4 and T3? are positive.
A A
11) The smallest M -eigenvalues of tensors %1, Tx and T2 are positive.
B B
iii) The smallest M -eigenvalue of tensors €11, 7% and T2 are positive.
C C

Furthermore, if <7 is an elasticity tensor, then the above (i), (ii) and (iii) are the same.
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5 Sum of Squares and Positive Definiteness

In this section, we investigate the SOS properties of polynomials defined by fourth order three di-
mensional paired symmetric (elasticity) tensors and sixth order three dimensional paired symmet-
ric (elasticity) tensors, respectively. In particular, we give necessary and/or sufficient conditions
of the concerned tensor being positive definite.

5.1 Fourth order paired symmetric tensors. For any paired symmetric tensor & = (a;;n) €

T4,3, we assume that the biquadratic form is defined by (2), i.e.,

i:jzkzlzl

We first investigate sufficient conditions under which the biquadratic form defined by (2) is an

SOS of bilinear forms, or is positive definite.

Theorem 5.1. For any paired symmetric (elasticity) tensor o/ € Ty 3, let M defined by Definition
2.2 be an unfolded matriz of of with respect to indices i1is - - - ig9 and j1js - - - jo. Then, the following
results hold.

(i) If M is positive semidefinite, then the biquadratic form defined by (2) is an SOS of bilinear

forms.
(ii) If M is positive definite, then the biquadratic form defined by (2) is positive definite.

Proof. (i) For any z,y € R3, by given indices i1is - - - ig and j1j2 - - - jo, we define w € R? by

w = (w;, Yjis LiaYjor LizYjss LigYjas LisYjss TieYjer LirYjrr LigYjs» mlgng)

Then, from Definition 2.2, it is not difficult to show that

3
Ay = Z agjmriciyry = w' Mw, Vr,y € R?, (24)
1,7,k,1=1

and from Proposition 2.3 it follows that the matrix M is symmetric.

Since the matrix M is positive semidefinite, there are real numbers A1, Ag, ..., Ag with Ay >
Ao > ... >N > A\y1 =+ = Ag = 0 and an orthogonal matrix @ = (¢1 g2 -+ q9) such that
™
Q'MQ = diag(A1, Aa, ..., No), e, M=) Nggq, . (25)
i=1

This, together with (24), implies that
r T 9
A2y =w Mw = Z Niw ' giq] w = Z (\/)\,- qui) , (26)
1=1 i=1

which means that «72%y? is an SOS of bilinear forms.
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(ii) Since the matrix M is positive definite, there are real numbers A1, Ao, ..., Ag with \; > 0
for all i € {1,2,...,9} and an orthogonal matrix @ = (¢1 g2 --- ¢9) such that (25) holds; and
hence, (26) holds. If z # 0 and y # 0, then it is easy to see that w # 0, which further implies that
there exists at least an index i € {1,2,...,9} such that w' ¢ # 0 since the matrix Q is invertible.
Thus, when the matrix M is positive definite, it follows from (26) that 272%y? > 0 for any x # 0
and y # 0, i.e., &/ x2y? is positive definite. O

Especially, we have following results.

Theorem 5.2. For any paired symmetric tensor &/ € Ty 3, let matrices M*' and M? be defined
by (7) and (8), respectively. Then, the following results hold.

e The biquadratic form defined by (2) is an SOS of bilinear forms if the matriz M is positive
semidefinite or the matriz M? is positive semidefinite. Furthermore, if o € T3 is an

elasticity tensor, then the results mentioned above are the same.

o The biquadratic form defined by (2) is positive definite if the matriz M is positive definite
or the matriz M? is positive definite. Furthermore, if o € T4z is an elasticity tensor, then

the results mentioned above are the same.

Proof. For any z,y € R3, we define two vectors u,v € R? by
u = (T1Y1, T1Y2, T1Y3, T2Y1, TaY2, T2Y3, TIYL, T3Y2, T3Y3) |

7 (27)
= (xlyb T2Y1, T3Y1, T1Y2, L2Y2, L3Y2, T1Y3, L2Y3, 373y3)T

Then, it is easy to show that

3
ngxzyQ = Z i RITi LYYl = w! My = UTsz, Vx,y € R3.
i,5,k,0=1

Thus, by a similar way as Theorem 5.1 and using Proposition 2.4, we can complete the proof. [

Next, we define a class of tensors with the help of & € Ty 3.

Definition 5.3. For any paired symmetric tensor &/ € Ty 3, we define a tensor B € Ty 3 whose

entries satisfy
bijkt = bjitk, bijie = bjirr, and bijp + bjik + bijik + bjir = 4aijpr-
We say that % is a semi-paired symmetric tensor of <.

Especially, we give the following remark.

Remark 5.4. We define two sets of indices by

I = {(i,j. k1) €{1,2,3 ri# 4 k#1};
J = {4,k e{1,2,3} i<l <k or i>jl>k}
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For any paired symmetric tensor o = (a;jp) € Taz, we define a tensor B = (biji) € Ta3 whose

entries satisfy

2aijlk if (Z,],l,k) € 37
bijr = 0 if (4,7,0,k) € I\ J, Vi, g, k,l € {1,2,3},

a;ji, ~ otherwise,
then % is a semi-paired symmetric tensor of <.

It is easy to see that the biquadratic forms defined by a paired symmetric tensor &7 € Ty 3

and by its semi-paired symmetric tensor % are the same. Thus, the following results hold.

Theorem 5.5. For any paired symmetric (elasticity) tensor of € Ty 3, let A defined by Definition
5.8 be a semi-paired symmetric tensor of </. Then, the quadratic form o/ xy? is an SOS of
bilinear forms if and only if the quadratic form Bx*y? is an SOS of bilinear forms; and tensor

o/ is positive (semidefinite) definite if and only if tensor B is positive (semidefinite) definite.

Thus, SOS property and positive (semidefiniteness) definiteness of the paired symmetric tensor
< € Ty 3 can be studied by investigating SOS property and positive (semidefiniteness) definiteness
of its semi-paired symmetric tensor.

By Theorems 5.1 and 5.5, we have the following results.

Theorem 5.6. For any paired symmetric (elasticity) tensor of € Ty 3, let # defined by Definition
5.8 be a semi-paired symmetric tensor of <. Suppose that S is an unfolded matriz of tensor %A
with respect to indices i1io---i9 and ji1ja-- - jo. Then, the matriz S is symmetric. Furthermore,
if the matriz S is positive semidefinite, then the biquadratic form defined by (2) is an SOS of
bilinear forms; and if the matrixz S is positive definite, then the biquadratic form defined by (2)

1s positive definite.

Corollary 5.7. For any paired symmetric (elasticity) tensor o/ € Ty 3, suppose that B = (bijrr)
defined by Remark 5.4 is a semi-paired symmetric tensor of o7, and the unfolded matriz of A is
defined by

M := (mg) with mg = mg(_1)4x,3(j—1)+1 = bijrr for any 4, 5, k, 1 € {1,2,3}; (28)

If the matriz M is positive semidefinite, then the biquadratic form defined by (2) is an SOS of
bilinear forms; and if the matriz M is positive definite, then the biquadratic form defined by (2)

s positive definite.

In the following, we propose a necessary and sufficient condition under which a fourth order
three dimensional paired symmetric (elasticity) tensor is positive semidefinite. For this purpose,

we need the following lemma.

Lemma 5.8. For any paired symmetric (elasticity) tensor o € Ty 3, suppose that the biquadratic
form defined by (2) can be written as

3
o x?y? = Z agnaicjyry = u' Mu, Vr,y € R3, (29)
igdl=1
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where the vector u is given by (27) and M = (mg) € R is a symmetric matriz. Then, the

matriz M is an unfolded matrixz of some semi-paired symmetric tensor of < .

Proof. We define a tensor # = (bjjn) € T3 by

bi111 birie bi11z bi211 biziz D121z biz11 b3z bisis
bi121 biio2 br123 bi221 bi2o2 bioog biza1 b1z bisos
bi131 bi1z2 b1133 bi231 bi2s2 bi233 biz3zr b1z bi3sz
ba111 b2112 o113 boo11 boo12 b2213 basin boziz bo3is
ba121 bo122 bo123 basa1 bosoa  bazes basor bosze bagas | = (mist). (30)
ba131 b2132 bo2133 b2231 D223z o233 bozzi bass2  bosss
bsi11 b3112 b3113 3211 b3212 03213 b3zin b3z b33i3
bz121 b3122 b3123 3221 3202 b3223 b3s2r b3z b33es

b3131 b3132 03133 03231 b3232 D3233 03331 b3332  b3333

By using the symmetry of matrix M, it is easy to show that
bijet = bjux  and  bijik = bjirr, V4,5, k, 1 € {1,2,3}. (31)

Moreover, by combining (29) with (30) we have

3 3

2 2 T 2 2

g xy” = E T Yy = u Mu = E bijririxjypyr = Bry”,
i7j7k7l:1 i7j7k7l:1

which, together with (31) and the paired symmetry of o7, implies that
bijkt + bjik + bijie + bjiry = 4aijr, Vi, j, k1€ {1,2,3}. (32)

Thus, by Definition 5.3, (31) and (32), it follows that 2 is a semi-paired symmetric tensor of ..
In addition, from (30) it is easy to see that

Mgt :bisitjs]'tv \V/S,t S {1,2,...,9} with
(il) i27 /i37 i47 7;57 i67 7:77 /i8) 29) = (17 17 17 27 2) 2) 37 37 3)7
(J1: 92, 33, Jas J5+ J6» g7, Js: Jo) = (1,2,3,1,2,3,1,2,3).
Thus, by Definition 2.2 we obtain that the matrix M is an unfolded matrix of tensor &£ with
respect to indices 111222333 and 123123123. U

Theorem 5.9. For any paired symmetric (elasticity) tensor o/ € Tz, the biquadratic form
defined by (2) is an SOS of bilinear forms if and only if an unfolded matriz of some semi-paired

symmetric tensor of &7 is positive semidefinite.

Proof. The sufficiency can be obtained by Theorem 5.6. We now show the necessity. Since

o7 x%y? is an SOS of bilinear forms, there exists some positive integer ~ > 1 such that

2
3 r 3
Ayt = Qi kI TiT = STy Vr,y € R3
y = ijklViLiYLYlr = Qi XiYj ) z,y
0,9,k 0=1 s=1 i,7=1
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where o;; € R for any s € {1,2,...,r} and i,5 € {1,2,3}. For any s € {1,2,...,r}, we denote
qs -= (ailvai%ai‘ivagl?a§27a§37a§17a§2ﬂa§3)T'
Let the vector u € R™ be defined by (27). Then,

r r
o ty? = Z (q;ru>2 =ul (Z qsq;r> u, Vr,yeR3
s=1 s=1
By Lemma 5.8, we can obtain that the matrix > ._, qsq;r is an unfolded matrix of some semi-
paired symmetric tensor of &7, which is positive semidefinite. O
In the following, we give a necessary condition of a fourth order three dimensional paired
symmetric tensor being an SOS of bilinear forms, which is convenient for judging some fourth

order three dimensional paired symmetric tensors not be an SOS.

Theorem 5.10. For any paired symmetric (elasticity) tensor o/ € Tas, if the biquadratic form
defined by (2) is an SOS of bilinear forms, then it follows that

Giikk = 07 VZ, ke {172)3}

Proof. By the assumption, we can let
2
3 r 3
Ay = Y agurrggen =Y | D ojae | . Vo,y €R?
ij ke l=1 s=1 \ik=1
where 7 > 1 is a positive integer and o, € R for any s € {1,2,...,r} and i,k € {1,2,3}. Then,
it is easy to show that

T

aiibr = (ag)?, Vi k € {1,2,3},
s=1

which completes the proof. O
5.2 Sixth order paired symmetric tensors. In this part, we consider the homogeneous
polynomial defined by a tensor & = (ajjripq) € T3, which is given by (13).

Similar to Theorem 5.1, we have the following results.

Theorem 5.11. For any paired symmetric (elasticity) tensor o/ € T3, suppose that N defined
by Definition 2.6 is an unfolded matriz of o/ with respect to indices iyis - --io7 and j1jo - - jor.
Then, the following results hold.

(i) If N is positive semidefinite, then the polynomial defined by (13) is an SOS of trilinear

forms.
(i) If N is positive definite, then the polynomial defined by (13) is positive definite.

Especially, we have the following results.
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Theorem 5.12. For any paired symmetric tensor &/ = (Gijripg) € Te,3, let matrices N N2, ... N6
be defined by (15). Then, the following results hold.

(i) The polynomial defined by (13) is an SOS of trilinear polynomials if one of matrices
N N2, ..., NS is positive semidefinite. Furthermore, if o = (aijripg) € Te,3 is an elasticity

tensor, then the results mentioned above are the same.

(ii) The polynomial defined by (13) is positive definite if one of matrices N*, N%, ..., N is
positive definite. Furthermore, if &/ = (aijripq) € Te3 is an elasticity tensor, then the

results mentioned above are the same.

Proof. For any z,vy,z € R?, we define six vectors u’ € R?" (i € {1,2,...,6}) by

(UI)T = (T1y121, T1Y122, T1Y123, T1Y221, T1Y222, T1Y223, T1Y321, T1Y322, T1Y323,
T2Y121, X2Y122, L2Y123, L2Y221, L2Y222, X2Y223, L2Y321, X2Y322, L2Y3%3,
T3Y121,T3Y122,L3Y123, L3Y221, L3Y222, L3Y223, L3Y321, L3Y322, $3y323)§

(W)T = (z1y121, T1Y122, T1Y1 23, TaY1 21, TaY1 22, T2Y1 23, T3Y121, T3Y1 22, T3Y173,
T1Y271, L1Y222, L1Y223, L2Y221, L2Y222, L2Y223, L3Y221, L3Y222, L3Y223,
T3Y121, T3Y122, T3Y123, T3Y221, T3Y222, T3Y223, T3Y321, L3Y322, T3Y323);

(US)T = (@1y121, T2y121, T3Y121, T1Y221, T2Y221, T3Y221, T1Y321, T2Y321, T3Y321,
T1Y122, L2Y122, L3Y122, L1Y222, L2Y222, L3Y222, L1Y322, T2Y322, L3Y322,
T1Y123, T2Y123, T3Y123, T1Y2723, T2Y223, T3Y223, T1Y323, L2Y323, T3Y323);

(U4)T = (@1y121, T1Y221, T1Y321, T1Y122, T1Y222, T1Y322, T1Y123, L1Y223, L1323,
T2Y121, L2Y221, XL2Y321, L2Y122, L2Y222, L2Y322, L2Y123, L2Y223, L2Y3%3,
T3Y121, T3Y122, T3Y123, T3Y221, T3Y222, T3Y223, T3Y321, T3Y322, T3Y323);

(U5)T = (@1y121, T1Y221, T1Y321, T2Y1 21, T2Y221, T2Y321, T3Y1 21, L3Y221, T3Y321 4
T1Y122, L1Y222, L1Y322, L2Y122, L2Y222, L2Y322, L3Y122, L3Y222, L3Y322,
T1Y123, T2Y123, T3Y123, T1Y2723, T2Y223, T3Y223, T1Y323, T2Y323, T3Y323);

(Uﬁ)T = (T1y121, T2Y121, T3Y121, T1Y122, T2Y122, T3Y122, T1Y123, T2Y123, T3Y123,
T1Y221, L2Y221, L3Y221, L1Y222, L2Y222, L3Y222, L1Y223, T2Y223, L3Y223,

T1Y321, X1Y322,L1Y323, L2Y3<1, L2Y322, L2Y323, L3Y321, L3Y3<2, 96‘32/323)-

With the help of the definitions of matrices N1, N2 ..., N by (15), it is easy to verify that

3
dx*y?2? = Z QijklpqTiTjYkYl ZpZg = (ul)—eru1 = (uQ)TNQu2 =... = (UG)TNGuG.
,5,k,l,p,q=1
Thus, similar to Theorem 5.2, we can obtain the desired results. O

Similar to Definition 5.3, we give the concept of semi-paired symmetric tensor of &7 € Tg 3.

Definition 5.13. For any paired symmetric tensor o/ € Tg 3, we define a tensor B € T¢ 3 whose

entries satisfy

bijk’lpq = bjilkqpa bjiklpq = bijlkqp> bijlkpq = Ujiklqp> bijqup = Ujilkpg>
and bijklpq + bjiklpq + bijlkpq + bijqup = 4aijklpq~

We say that % is a semi-paired symmetric tensor of <7.
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Especially, we give the following remark.

Remark 5.14. We define several index sets by

T o= ZjakJapa E{17273}6:i7£j7k7£landp7éQ}7
i # j,k#land p=g;
Ty (i, 0,k L,p,q) € {1,2,3}0: ori#jk=landp#q; ¢,

ori=j,k#1land p#q

i # j,k=1landp=g;
(‘]‘3 Z]akJapa 6{132?3}6: Ori:jvk‘#landPZQ; ’
ori=j,k=landp#q

Ty {ZJ,k,l,p, 6{1,2,3}6:i:j,k:landp:q}
and

. 1< j,k<landp < gq;

81 = (Zujuk7lvp7 Q) S ‘Il : j . P &
ori>j,k>landp>q

o 1< j,k<landp=q;

82 = (Za.jakapa Q) € T? : j . P &
ori>j,k>landp=yq

. 1< j,k=1land p < g;

83 = (Za.jakapa Q) € T? : j . P &
ori>j,k=1landp>q

o i=j,k<landp < g;

S4 = (Za.jakapa Q) € ‘3-2 : J P e
ori=j,k>landp>q

For any paired symmetric tensor &/ € T¢3, we define a tensor B = (bijripq) € To,3 whose entries

satisfy
Aagjikpg if (i,5,1,k,p. q) € 81,
0 if (4,5, k,p,q) € T1\ 81,
bijkipg = § 20ijikpg i (4,5, k,p,q) € 82J83 84, Vi, g, k,l,p,q € {1,2,3},
0 if (4,5,0,k,p,q) € T2\ {82U83 U84},
Aijikpg  Otherwise,

then % is a semi-paired symmetric tensor of o7.
Similar to Theorem 5.5, we have the following results.

Theorem 5.15. For any paired symmetric (elasticity) tensor o/ € Tg 3, suppose that B defined

by Definition 5.13 is an semi-paired symmetric tensor of o/. Then, the polynomial o x*y*2* is

an SOS of trilinear forms if and only if the polynomial Bxz2y?z>

is an SOS of trilinear forms;
and tensor <f is positive (semidefinite) definite if and only if tensor A is positive (semidefinite)

definite.
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Corollary 5.16. For any paired symmetric (elasticity) tensor o/ € T3, suppose that B = (bijr1)
defined by Remark 5.14 is a semi-paired symmetric tensor of <7, and the unfolded matriz of %4
is defined by

N := (ng) with

- (33)
Nst = N3[3(i—1)+(k—1)]4+p,3[3(j—1)+(I—1)]+q — bijklpq7 Vi, J, ka l7p7 qe {]-a 2, 3}a

If the matriz N is positive semidefinite, then the polynomial defined by (13) is an SOS of trilinear
forms; and if the matrix N is positive definite, then the polynomial defined by (13) is positive
definite.

Similar to Theorem 5.9, we have the following results.

Theorem 5.17. For any paired symmetric (elasticity) tensor o/ € Tg 3, the polynomial defined by
(13) is an SOS of trilinear forms if and only if an unfolded matriz of some semi-paired symmetric

tensor of < is positive semidefinite.
The following necessary condition can be obtained in a similar way as Theorem 5.10.

Theorem 5.18. For any paired symmetric (elasticity) tensor &/ = (aijupg) € Tez. If the
homogeneous polynomial defined by (13) is an SOS of trilinear polynomials, then it follows that

Qiikkpp > 07 Vi7kap € {17273}'

6 Algorithm for the Smallest M-Eigenvalue

In order to judge positive definiteness of a fourth order three dimensional paired symmetric (elas-
ticity) tensor, from Corollary 3.12 we may compute the smallest M-eigenvalue of the concerned
tensor. Some methods can be applied to do it, such as the one given in [17]. In this section, by
using the special structure of the paired symmetric (elasticity) tensor, we propose a sequential
sedefinite programming method for computing the smallest M-eigenvalue of a fourth order three
dimensional paired symmetric (elasticity) tensor, by which we can judge whether a fourth order
three dimensional paired symmetric (elasticity) tensor is positive definite or not.

Let «72%y? be defined by (2) and r be some nonnegative integer, we define a polynomial
F.s :R3*xR3>— Rby

T 3 S
Frs(z,y) (Zw> (Z%) o2y, (34)
=1

which is a homogeneous polynomial with deg(F,) = 2(r + s) + 4. The following result can be
obtained in a similar way as those in [24, Corollary], [8, Theorem 3.2] and [14, Lemma 3.5].

Theorem 6.1. For any paired symmetric tensor & = (a;ji) € Ta3, let intC and F, s be defined
by (4) and (34), respectively. If o/ € intC, then it follows that F, ¢(x,y) is an SOS for some
sufficiently large integers r,s > 0.
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With Theorem 6.1, we define
K :={o € Ty3: F,s(x,y)is an SOS for some r, s > 0}. (35)
Then, similar to Theorem 3.3 in [8], we can obtain the following result.

Theorem 6.2. For any paired symmetric tensor & = (az ) € Tag, K defined by (35) is a
convex cone. In particular, it follows that intC C K C €, where C and intC are defined by (3) and

(4), respectively.

For any nonnegative integer r, by the multinomial theorem we have

3 r |

r!
E x? = g o x%mf’:gwx?s'
im1 ?"1! X 7“2! X 7’3!

ri+ro+r3=r
Thus, the polynomial F; s(z,y) defined by (34) is a linear combination of monomials

2y g sy sy sy
for i,7,k,1 € {1,2,3} and nonnegative integers ri, 72,73, S1, S2, S3 satisfying Z?zl r; = r and
Z?Zl s; = s. We assume that the corresponding vector of monomials is denoted by v,y sy2(x,y),
which is first ordered in descending order of powers of x1, x2, x3 and is then ordered in descending

order of powers of y1, Y2, y3 given by

r+1, s+1 _r+1 r+1, s+1
Ly

Orpsra(,y) T = (@Y T e Sy, L T ST ey T L Ty, (36)

Then, the following result is immediate.

Theorem 6.3. For any paired symmetric tensor &/ = (a;ji1) € Ta3 and nonnegative integers r
and s, suppose that the homogeneous polynomial F,. s and the vector of monomials vy4sy2(x,y)
are defined by (34) and (36), respectively. Then, the polynomial F s(z,y) is an SOS if and only
if Frs(2,Y) = Vpyso(®,y)  Hupysio(x,y), where H is a positive semidefinite matriz.

For any given nonnegative integers r and s, we let u,tsy2(x,y) denote the vector made up

of different monomials in v, ys2(,y) vrssi2(z,y), which is first ordered in descending order

of powers of x1, s, x3 and then ordered in descending order of powers of y1,¥y2,y3; and denote
the dimensions of vectors v,4si2(z,y) and uyysi2(x,y) by dyrs := dim(v,ysy2(x,y)) and dyps :=
dim(u,4s42(x,y)), respectively.

e For r =0 and s = 0, the vector v,;s12(x,y) contains monomials
zyy;, Vi, j€{1,2,3},
and hence, d,gg = C§C§ = 9; and the vector u,4s42(x,y) contains monomials
x%ykyl (k <), :U?y,%, iziypy (1 < j, k <), xixjy,% (i <yg), Vijgkle{l,23},

and hence, d,00 = CaC3% + CiCi + C2C3 + C1C3 = 36.
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e For r =1 and s = 0, the vector v,4s42(x,y) contains monomials

(eSS N6 %) 51 52 63
Ty Ty 371 Y27 Ys™s

where «;, 5; > 0 for all i € {1,2,3}, a1 + ag + a3 = 2 and B1 + P2 + B3 = 1, and hence,

dvio = C3,5_1C3,1_1 = 18; and the vector u,s12(z,y) contains monomials

a1 a3 P12 B3
Ty Tt Ty Yy Yy

where «;, 8; > 0 for all i € {1,2,3}, aq + ag + a3 = 4 and f1 + B2 + B3 = 2, and hence,
du10 = C314-1C340-1 = 90.

e For r =0 and s = 1, the vector v,;s12(x,y) contains monomials

ay oo, a3, b1, P2 B3
L1 To"T37Y1 Yo Ys™,

where «;, 5; > 0 for all i € {1,2,3}, a1 + a3 + a3 = 1 and 1 + B2 + B3 = 2, and hence,
dyo1 = C§+1710§+271 = 18; and the vector u,4sy2(x,y) contains monomials

oy, o o3, B, B2, B3
Ty T X3°Y1 Y2 Yz

where «a;, 8; > 0 for all i € {1,2,3}, oy + as + a3 = 2 and B; + B2 + B3 = 4, and hence,
duo1 = C§+2—1C§+4—1 = 90.

e For r =1 and s = 1, the vector v,4s12(x,y) contains monomials

a1, 02 Q3 Bl /52 /33
Ty T T3°Y1 Y27 Y3

where a4, 8; > 0 for all i € {1,2,3}, a1 + ag + a3 = 2 and f1 + B2 + B3 = 2, and hence,
dyo1 = C’§+2_IC§+2_1 = 36; and the vector u,sy2(x,y) contains monomials

o,z 03, B1, B2, B3
Ty T T3 Y1 Y27 Y3

where «a;, 5; > 0 for all i € {1,2,3}, a1 + aa + a3 = 4 and B1 + P2 + B3 = 4, and hence,
duOl = C§+4,10§+4,1 = 225.

Furthermore, we introduce two operators V and W in the following:

V: For any nonnegative integers r and s, we define an operator V : R%rsXdvrs _ Réurs guch that
[V(H)]; is the coefficient of the ith monomial in the vector w,si2(z,y) of the polynomial
Vrysso(2,y) T Hoppgio(x,y) for any H € RvrsXdvrs,

'W: For any nonnegative integers r and s, we define an operator W which maps a homoge-
neous polynomial F, ¢(x,y) defined by (34) to a vector in R%wrs satisfying F, ¢(v,y) =
Ur+s+2 (xv y)TW(Fr,s (l’, y))
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Thus, by Theorem 6.2 it follows that the set K defined by (35) can be written as
K= { o € Tug: W(E,(2,9)) = V(Q), s € {0,1,2,.. .}, Q € 877} (37)
For any r,s € {0,1,2,...}, we define

:Kr—i-s = {'Q{ c T4,3 : W(Fr,s(xa y)) = V(Q), Q € Siws} . (38)
Then, the following result is immediate.

Theorem 6.4. For any paired symmetric tensor &/ = (a;jr1) € Ta3 and nonnegative integers r
and s, suppose that the set K, is defined by (38). Then,

Krts C Kpqsqq for any r,s € {0,1,2,...} and lim Xy = U —oKrgs = K.
r+85—00

For any paired symmetric tensor &/ = (aij) € Ta3, it follows from Definition 3.7 and
Theorem 3.8 that the smallest M-eigenvalue of &7 is the optimal value of the following biquadratic
optimization over unit spheres [14]:

min o/ 2%y?

39
st. zlax=1,y'y=1, (39)

which is equivalent to

max -y

40
st F2%y? >y, V(z,y) € {(z,y) eR*xR® 1oz =1, y'y=1} (40)

Let tensor & = (e;jr) € Taz3 be defined by (5). Then, it is easy to see that problem (40) is

equivalent to

max -y

(41)
st. o +~& XK.

Furthermore, by replacing the constraint o7 +v& € X by &/ +~v& € K,4s, we obtain the r + sth

order relaxation problem of (41), which can be written as

max y
st V(@) = W(Fs(e,y)) +9W (S22 (S, 42)). (42)
Qe Siv'rs,

where r,s € {0,1,2,...}. Forany r,s € {0,1,2,...}, (42) is a semidefinite programming problem,
which is denoted by SDP(r+s). Thus, we can solve a sequence of SDP(r+s) through increasing

7 + s to obtain an approximation optimal solution of (39) up to a priori precision.
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7 Numerical Results

In this section, we present preliminary numerical results to judge whether a fourth order three
dimensional or a sixth order three dimensional paired symmetric tensor is positive definite or
not. All numerical experiments were run in Matlab on a PC with 2.93 GHz CPU and 2.00 GB
of RAM. We divide our experiments into the following two parts.

Part 1. In this part, by using the sequential semidefinite programming method proposed in
Section 6, we present preliminary numerical results for computing the smallest M-eigenvalue
of the fourth order three dimensional paired symmetric tensor. We use SDPT3 [30] to solve
the resulted conic linear programming problem. In addition, it is known that Wang, Qi and
Zhang [32] proposed a power method to find the largest M-eigenvalue of a fourth order paired
symmetric tensor. By Theorem 3.4 it follows that their method can be applied to find the smallest
M-eigenvalue of a fourth order three dimensional paired symmetric tensor . In fact, if we let
M* be the unfolded matrix of tensor <7 defined by (7), then the smallest M-eigenvalue of &/ can
be found by solving

max (76 — o )x?y?

43
st. zlx=1,y'y=1, (43)

where 7 is a given scalar satisfying 7 > p := max{|\| : A is an eigenvalue of matrix M'}, and &
is defined by (5). In this part, we also report the numerical results of the Wang-Qi-Zhang power

method for the fourth order three dimensional paired symmetric tensors we tested.

Example 7.1. Let o/ = (a;ji) € Taz be given by

ai11l = 1, ageoo =1, aszzsz = 1, a1z = 2, agesz = 2, azzn = 2,
1 1
1212 = Q1221 = A2112 = A2121 = —3, (2323 = (2332 = (3223 = (3232 = — 3, (44)

1
a3131 = A3113 = 1331 = A1313 = —3, other a;; = 0.

The biquadratic form defined by this tensor is

flzy) = z3y? + 23y3 + 2393 — 2(z12291Y2 + T2x3Y2y3 + T3T1Y3Y1)

(45)
+2(xTy3 + 235 + x397),

which is a positive semidefinite biquadratic form that is not an SOS of bilinear forms [3].
Suppose A € R is an M-eigenvalue of &/ and z,y € R3\ {0} are the eigenvectors of .o/

associated with the M-eigenvalue X, then it follows from the definition of the M-eigenvalue that

T1Yy3 — (T2y1y2 + T3ysy1) + 221Y3 = Axq,
T2y3 — (T1y1y2 + T3y2y3) + 2323 = A2,
x3y3 — (Tayays + T1y3y1) + 2x3y7 = A3,
w3y — (x122y2 + 2321Y3) + 22351 = Ay, (46)
23ys — (1721 + T273Y3) + 223Ys = Ay,
x3ys — (zow3yz + x3w1y1) + 223Y3 = Ay,

wd+ad+ai=1, Y+yi+yi=1
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From (46) it is not difficult to show that A = 0 is an M-eigenvalue of <7, and

((961,962,x3),(y1,y2,y3)) :((17070)7((]’0’1))7 ((07170)7(17070))7 ((0707 1)7(07170))

are the eigenvectors of &7 associated with the M-eigenvalue A = 0. Furthermore, A = 0 is the
smallest M-eigenvalue of &/ since the biquadratic form f(x,y) in (45) is positive semidefinite.
We use the method proposed in Section 6 to the smallest M-eigenvalue of tensor 7, and the

numerical result is listed in Table 1.

Table 1: The numerical results of the problem in Example 7.1

r s ITER CPU(s) OPT VOL

0 0 9 1.313 -1.5243441995¢-09 2.7246124908e-12
1 0 11 1.719 -2.6041279810¢-10 5.7978715466e-12
0 1 11 1.813 -2.6041187999¢-10 5.7989670655¢-12
1 1 13 4.594 -2.4538473770e-10 1.5420658730e-11
2 1 14 8.797 -2.3617078649¢-10 1.3527256926¢-11
1 2 14 8.859 -2.3616477957¢-10 1.3665548633¢-11
2 2 16 29.344 -2.8204474346¢-10 1.0935180661e-11

In Table 1, “ITER” means the iteration number of the SDP solver, “CPU(s)” means the total
time in seconds spent for both setting up the problem and solving it, “OPT” means the approx-
imation value computed, and “VOL” means the norm of the violation of the constraints of the
approximation solution. From this table, we see that the method can find a good approximation
solution even with the zero order relaxation.

We use the Wang-Qi-Zhang power method to find the smallest M-eigenvalue of tensor <.
We consider two cases: 7 = 1.001p and 7 = 2p. The CPU time of the algorithm in 30 iterations
is 0.0156 seconds. In both cases, the sequences of the smallest M-eigenvalues generated by the

algorithm are monotonically decreasing, which are shown in Figure 1.
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Figure 1: Graph of the power method for Example 7.1
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In addition, when 7 = 1.001p, the obtained smallest M-eigenvalue is 7.8930677724e-05 in the
sixth step, and 4.0555680197¢-05 in the thirtieth step; and when 7 = 2p, the obtained smallest
M-eigenvalue is 7.6951975782e-04 in the eleventh step, and 2.8545893221e-04 in the thirtieth
step.

Example 7.2. Let &/ = (ajjn) € T4z be given by

1111 = @1122 = Q1133 = 2211 = A2222 = A2233 = A3311 = 1;

asze2 = 3, a3333 = 3, 3323 = agzzz = —1, other a;;,; = 0.
The biquadratic form defined by this tensor is
f(@,y) = 23yt + 273 + 2793 + 23y7 + 25y5 + 25u3 + 37 + 3a3ys — 2w3yays + 33y3.  (48)

Suppose A € R is an M-eigenvalue of &/ and z,y € R3\ {0} are the eigenvectors of </

associated with the M-eigenvalue A, then it follows from the definition of the M-eigenvalue that

1yt + T1y3 + 2193 = Axq,

Toy? + T2y3 + 12y3 = Ao,

z3y; + 3w3ys — 2w3yays + 3r3y; = Aas,

ziy1 + 23y + 23 = Ay, (49)
2tz + 23y + 3w3y2 — 23ys = Aye,

23y3 + w5y — w3y2 + 3r3Y3 = s,

x% + a:% + :c% = 1,

Y+ 93 + 3 ~- 1

\

From the first three equalities and last two equalities in (49), we can obtain that
A =1+ a3y3 + (v3y2 — 3y2)° + 235 > 1,

which implies that all M-eigenvalues of .7 given in (50) are greater than or equal to 1. Moreover,
it is easy to see that (\.,z*,y*) = (1,(1,0,0)T,(1,0,0) ") is a solution to (49). Therefore, A, = 1
is the smallest M-eigenvalues of <7 given in (50).

The numerical result is listed in Table 2.

In Table 2, symbols “ITER”, “CPU(s)”, “OPT”, “VOL” are the same as in Example 7.1.
From this table, we see that the method can find a good approximation solution even with the
zero order relaxation.

We use the Wang-Qi-Zhang power method to find the smallest M-eigenvalue of tensor <.
We consider two cases: 7 = 1.001p and 7 = 2p. The CPU time of the algorithm in 100 iterations
is 0.0625 seconds. In both cases, the sequences of the smallest M-eigenvalues generated by the
algorithm are monotonically decreasing, which are shown in Figure 2.

In addition, when 7 = 1.001p, the algorithm can find the smallest M-eigenvalue of tensor & in
the eighth step; and when 7 = 2p, the obtained smallest M-eigenvalue is 1.0088825298 in the
eight-third step, and 1.0008862419 in the hundredth step.
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Table 2: The numerical results of the problem in Example 7.2

r s ITER CPU(s) OPT VOL

0 0 10 1.219 9.9999999970e-01 1.4472115766¢-14
1 0 12 1.734 9.9999999963¢-01 1.8617918560e-11
0 1 11 1.844 9.9999999504e-01 2.6733847183¢-10
1 1 13 4.906 9.9999999954e-01 1.7099952719¢-11
2 1 14 9.000 9.9999999949¢-01 1.4822319679¢-11
1 2 14 8.938 9.9999999812¢-01 3.8117223117e-11
2 2 16 29.734 9.9999999749¢-01 6.7937294113¢-12
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Figure 2: Graph of the power method for Example 7.2

From the numerical results given in this part, we have the following observations. (i) The
Wang-Qi-Zhang power method is faster than the method proposed in this paper. (ii) The method
proposed in this paper can always find a high precision approximation solution; while the Wang-
Qi-Zhang power method strongly dependents on selection of starting parameters, and it is gen-

erally difficult to find appropriate parameters in order to find a high precision approximation

solution.

Part 2. In this part, by using some results obtained in Section 5, we compute the smallest

eigenvalue of an unfolded matrix of some semi-paired symmetric tensor to judge whether the

concerned paired symmetric tensor is positive definite or not.

Example 7.3. Let o/ = (a;ji) € Ta3 be given by

a1l =

2, a2 = 2, a3333 = 2, a1313 = 43113 = 41331 = 43131 = — 3,

1
2323 = (3223 = (2332 = 3232 = —3, other a;jr = 0.

The biquadratic form defined by this tensor is

1

flz,y) = 22397 + 2235 + 22393 — 2m123y1Y3 — 22223Y2Y3-
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It is not difficult to obtain that f(z,y) = 22y? + 22y2 + (z1y1 — 73y3)? + (T2y2 — w3y3)? and
f(z*,y*) = 0 where z* = (1,0,0)" and y* = (0,1,0). These demonstrate that the biquadratic
form in (51) is an SOS of bilinear forms but not positive definite.

Let o/ be given by (50) and % defined by Remark 5.4 be a semi-paired symmetric tensor,
then

bi111 = 2, bagoo = 2, b3zzz = 2, bi313 = dz131 = —1, bagaz = b3aze = —1, other b;jp = 0.
Suppose M € RY%? defined by (28) is the unfolded matrix of %, then
mi11 = 2, mss = 2, mgg = 2, myg = mg1 = —1, msg = mg5 = —1, other m;; = 0.

It is easy to obtain that eigenvalues of M are 0,0,0,0,0,0,0.5858,2,3.4142, respectively, which
implies that the matrix M is positive semidefinite but not positive definite. Thus, by Corollary
5.7 we obtain that the quadratic form (51) is an SOS of bilinear forms but not positive definite.

Example 7.4. Let & = (aijripq) € Te,3 be given by

111111 = Q112233 = A221111 = (222222 = 4331122 = (333333 — 17
1 1
4111213 = A111231 = G112113 = A112131 = —35, 0221212 = (221221 = 4222112 = (222121 = — 3, (52)

1
331323 = (331332 = A333123 = (333132 = — 73, other Aijkipg = 0.
The homogeneous polynomial defined by this tensor is

222,222, .2922, 2292, 2922, 29229
f(x,y,2) = ziyizi +21y325 + 23Yyi21 + T5Y325 + T3Yi25 + T3Y323

_ (2 2 2 (53)
(x1y1yzz1z3 + x5Y1y22122 + x3y1ygzgz3),

It is not difficult to obtain that f(x,y,2) = (z1y121 — T1Y223)% + (2ay121 — Toy222)? + (T3y122 —
r3y323)% and f(x*,y*, z*) = 0 where z* = (0,0,1)T,y* = (0,1,0) and y* = (1,0,0). These
demonstrate that the homogeneous polynomial in (53) is an SOS of bilinear forms but not positive
definite.

Let o7 be given by (52) and Z defined by Remark 5.14 be a semi-paired symmetric tensor,
then

bi11111 = b112233 = b221111 = b222222 = 0331122 = b333333 = 1,
b111213 = b112131 = —1, ba21212 = ba2o121 = —1, b331323 = b333132 = —1, other b;ji1,q = 0.

Suppose N € R?7%27 defined by (33) is the unfolded matrix of %, then

n11 = Nge = M10,10 = N14,14 = N20,20 = N27.27 = 1,

N6 = Ne1 = MN10,14 = N14,10 = N20,27 = N27.20 = —1, other n;; = 0.
It is easy to obtain that eigenvalues of N are 0,0,---,0,2,2,2, respectively, which implies that
———

24
the matrix N is positive semidefinite but not positive definite. Thus, by Corollary 5.16 we obtain

that the homogeneous polynomial in (53) is an SOS of trilinear forms but not positive definite.
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8 Concluding Remarks

In this paper, we investigated positive definiteness of the fourth order three dimensional and sixth
order three dimensional paired symmetric (elasticity) tensor. With the help of the M-eigenvalue
we gave several necessary and/or sufficient conditions under which a fourth order three dimen-
sional or sixth order three dimensional paired symmetric (elasticity) tensor is positive definite.
By introducing semi-paired symmetric tensor and the unfolded matrix of that tensor, we showed
that positive definiteness of a fourth order three dimensional and sixth order three dimensional
paired symmetric (elasticity) tensor can be obtained by investigating positive definiteness of some
unfolded matrix of a semi-paired symmetric tensor of that tensor. We also proposed a necessary
and sufficient condition under which a fourth order three dimensional or sixth order three dimen-
sional paired symmetric (elasticity) tensor is positive semidefinite. These results can be extended
to the case of higher order higher dimensional (strongly) paired symmetric tensors. We reported
preliminary numerical results which confirm our theoretical findings.

We derived several necessary and sufficient conditions for positive definiteness of a sixth order
three dimensional paired symmetric tensor in Section 4, where the most main condition needs
to judge positive definiteness of a fourth order paired symmetric tensor, an eighth order bi-
block symmetric tensor and a twelfth order bi-block symmetric tensor. It is well known that
it is difficult to solve the polynomial optimization problem with the involved polynomials being
defined by higher order higher dimensional tensors. Thus, one of further issues is how to design
effective methods to judge positive definiteness of higher order (strongly) paired symmetric tensors
or higher order elasticity tensors. Moreover, in this paper, we mainly gave some analysis for
positive definiteness of the fourth order three dimensional and sixth order three dimensional
paired symmetric (elasticity) tensor. It is worth investigating effective algorithms to check positive

definiteness of paired symmetric (elasticity) tensors arisen from practical mechanical problems.
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