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Abstract. Comon’s Conjecture claims that for a symmetric tensor, its rank and its symmetric
rank coincide. We show that this conjecture is true under an additional assumption that the rank
of that tensor is not larger than its order. Moreover, if its rank is less than its order, then all rank
decompositions are necessarily symmetric rank decompositions.
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1. Introduction. A tensor is a multidimensional array. The order of a tensor is
the number of dimensions, also known as degree. A first order tensor is a vector, and
a second order tensor is a matrix. Tensors of order three or higher are called higher
order tensors. Unless otherwise specialized, tensors appearing in this paper are higher
order tensors. A tensor is called square or cubical if all its dimensions are identical. A
square tensor is called symmetric if its elements are invariant under any permutation
of their indices. Symmetric tensors have wide applications such as in signal and image
processing and blind source separation; we refer to [9, 21, 23, 24, 26] and references
therein.

Decompositions of higher order tensors are the extensions of matrix singular value
decomposition. For example, we have CANDECOMP/PARAFAC (CP) decomposition,
Tucker decomposition, and PARAFAC2 decomposition; see [19] and references therein.
In this paper, we will consider the CP decomposition of higher order tensors. The CP
decomposition was introduced by Hitchcock in 1927 [17, 18] and has attracted much
attention in the areas of machine learning, biomedical engineering, signal processing,
independent component analysis, psychometrics, and chemometrics [1, 7, 8, 10, 13, 14,
19, 29]. For symmetric tensors, there are two types of CP decompositions: the outer
product decomposition and the symmetric outer product decomposition, which are
also called the CP decomposition and the symmetric CP decomposition, respectively.
One may regard them as the generalizations of singular value decomposition and
eigenvalue decomposition of symmetric matrices. The symmetric CP decomposition
has wide applications in blind identification of underdetermined mixtures, speech, and
so on. Furthermore, the bijection between symmetric tensors and homogeneous poly-
nomials is another motivation to study the symmetric CP decompositions [2, 6, 25].
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For symmetric tensors, CP decomposition leads to the CP rank, and symmetric
CP decomposition leads to the symmetric CP rank. For ease, we will call them the
rank and the symmetric rank, respectively, throughout this paper. Furthermore, the
decompositions corresponding to the rank and the symmetric rank are called the rank
decomposition and the symmetric rank decomposition, respectively.

From [11], we know that the rank and the symmetric rank always exist. As
the generalization of matrix rank, the rank and the symmetric rank of tensors are
distinguishing themselves from the matrix rank. First, to determine the rank of
a tensor is NP-hard [15], while the matrix rank can be determined by polynomial
time algorithms. Another difference is about the relationship between the rank and
the symmetric rank. For any symmetric matrix, the rank and the symmetric rank
coincide, while for symmetric tensors, a similar relationship is not known to us. In
2008, the following conjecture, termed Comon’s Conjecture in [20, 22], is raised in
[11].

Comon’s Conjecture. For a symmetric tensor, its rank and its symmetric rank
always coincide.

Comon’s Conjecture has attracted much attention since 2008 [3, 16, 20, 22, 27].
As far as we know, this conjecture has been proved at least in the following cases:
(1) the border rank is 2 [3] or 3 [20]; (2) the rank is less than the dimension [11];
(3) the symmetric rank is 1 or 2 [11]; (4) the flattening rank condition and Kruskal’s
condition hold [22]. For other cases, Comon’s Conjecture remains open.

This paper is concerned with Comon’s Conjecture, the rank decomposition, and
the symmetric rank decomposition for symmetric tensors. In section 2, we present
preliminaries on the rank and the rank decomposition of tensors. In section 3, for a
symmetric tensor whose rank is less than its order, any rank decomposition is shown
to be a symmetric rank decomposition. As a corollary, Comon’s Conjecture is true for
such tensors. In section 4, we present an example to show that a rank decomposition
need not be symmetric in general. Furthermore, we give a positive answer to Comon’s
Conjecture for the case that the rank of a symmetric tensor is equal to its order.

2. Preliminaries. In this paper, m, ni,ns,...,n, are positive integers, F is
the real number field R or complex number field C, and Dim is the abbreviation for
dimension of a vector space. Span({...}) denotes the linear span of a set of vectors
{-..}. (-)* denotes the dual space of space (). Throughout this paper, we assume
that m >2and n;, > 2 (i =1,...,m).

An m-order (n; X -+ X n,,)-dimensional tensor A = (A;,i,. i, ) is a multidimen-
sional array of entries Aj; 4, .4, € F with 4; = 1,...,n; and j = 1,...,m. All such
tensors form a linear space of dimension n7 X mg X --+ X n,,, which is denoted by
Frxo X Ip particular, such tensors are said to be square if ny = --- = n,, 1= n,
which are then called m-order n-dimensional tensors. Let T™(F™) be the space of all
m-order n-dimensional square tensors. A square tensor A = (A;, ; ) € T™(F") is
called symmetric if A;, ;= is invariant under all permutations of (i1, ..., 4;,). We will
denote by 8™ (F™) the space of all m-order n-dimensional symmetric tensors.

For any given tensor, fibers are defined by fixing every index but one; slices
are second order sections, defined by fixing all but two indices. It is clear that any
slice of a symmetric tensor is a symmetric matrix. The mode-k unfolding of tensor
A € FrXXmm s a matrix, denoted by A(y), with entries

ny
(Ak))ij = Ay viipgrims J =1+ Z (—1), J= H ny.

1=1,l#k 1=1,l#k
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An m-order (n; X ng X -+ X n,,)-dimensional tensor A € F"t*n2xXnm ig called
rank-1 if it can be written as an outer product of m vectors z() € F (i=1,2,...,m).
We denote it by A =20 @ 22 @ ... ® 2™ with entries

1) (2 ) .

Aivig. i, = :cgl)xz(é) . ~935ZL), ij=1,...,nm, j=1,...,m.

Here, the symbol “® ” denotes the vector outer product. Furthermore, an m-order

n-dimensional symmetric tensor A € S™(F") is called symmetric rank-1 if A can be

written as A = az®™ ;= arx®r ®--- @z for a vector z € F" and a scalar o € F.
—_—

m
The rank of tensor A € Frtxn2xX%m jg the smallest r such that

(2.1) A=A+ A+ + A,

where A; € Frxn2xXnm (5 =12 ... r) are rank-1 tensors. For convenience, the
rank of A is denoted by r(A), and (2.1) is called a rank decomposition of .A. The
symmetric rank of tensor A € S™(F") is the minimal number s (denoted as rg(A))
such that

(2.2) A=A+ Ay + -+ A

for some symmetric rank-1 tensors A; € S™(F") (i = 1,2,...,s). Equation (2.2) is
referred to as a symmetric rank decomposition. It is not hard to see that r(A) < rg(A)
for any A € S™(F™). However, it is unknown whether the equality holds, which is
conjectured to be true in Comon’s Conjecture.

To study Comon’s Conjecture and the rank decomposition, we introduce a relation
“~ 7 between two vectors in F”. Specifically, for two nonzero vectors x,y € F*, x ~ y
if and only if x = 7y for some nonzero scalar 7 € F. Clearly, such a relation is
an equivalence relation. A set of vectors that are mutually equivalent is called an

equivalence class. For a tensor A € 8™ (F") with rg(A) = s,

S
A — Z x(i7l) ® x(ivz) ® “e. ® x(lm)

i=1
is also a symmetric rank decomposition if z(»9) ~ 21 for 4 = 1,...,s and j =
2,...,m.

For a linearly independent vector set {vi,...,v;} C F?, there exist covectors

D1y, ¢t € (FO)* (also known as dual basis of dual space (Span(vy,...,v:))*) that
are dual to a vq,...,v:, such that

1, i=k
at=tui={ g 7%

fori,k=1,...,t. Suppose that

I= {jl,-~'7js}7
v = x(injl) ®LE(Z"72) ® e ®I(i’j5)7 ’L: 1’ .. 7t’

t
A= Zm(ivl) Q- ®x(i»j1) Q- ®$(ivjs) Q- ®x(i,m)'
=1
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By contracting A with covector ¢; (j =1,...,t) in I-modes, we mean a tensor

t
A T ¢k — Z ¢k(vt)x(l’]l) ® e ® Jj(lem—?) - m(kwjl) ® e ® x(k!j’m—s)’

i=1

where {j1,...,dm-s} = {1,...,m}\I. Clearly, A ¢ is a symmetric rank-1 tensor if
A is symmetric.

The mode-k inner product A - x € FMXMk-1XMht1 X XNm iy defined between a
tensor A4 € Fmxn2xXnm and a vector x € F™ with entries

ng
(A 'k I)jle...jm_l = E Ajl...jk,lijk+1...jm,$z‘, a=1... vnjal =1,...,k—=1k,....,m.
i=1

If A is symmetric, A -, x is symmetric too. The multilinear transformation of

tensor A € FmaXmeX-Xnm Ly matrices P! € F%X"™ 4§ = 1,2,...,m, is a tensor
Y= (P,...,P™). A€ FuxnXxnm whose entries are
ni Nm

_ 1 2 m L i - = _
yimmim— E E ‘Piljlpizjg"'PimijJ1J2me7 21—1,2,...,’111, l—l,...,m.

Jj1=1 Jm=1

3. Rank decomposition and symmetric rank decomposition. In this sec-
tion, the relationship between the rank decomposition and the symmetric rank de-
composition is investigated for any symmetric tensor with its rank being less than its
order. To begin with, we present several properties of the rank decomposition.

LEMMA 3.1. Let
(31) A = Z x(ivl) ® ‘T(i72) ® e ® x(i,m)
=1

be a rank decomposition of A € FM* " *"m_ Then for any index set J = {j1,ja2,- ..
Jm-1} C{1,2,...,m} with |J| =m — 1, the set

3

{27 @ 2072) @ ... @ g(BIm=1) | = 1,2, ... r}

is linearly independent.

Proof. This result is a corollary of Proposition 2.4 of [5], and the proof is omitted
here. 0

LEMMA 3.2. For A € 8™(F"), let (3.1) be a rank decomposition of A with r > 2
and W := span({z("9), 229 2D} for some j € {1,...,m}. Then z"*) ¢ W
fori=1,2,....,r and k=1,2,...,m.

Proof. This result can be regarded as a direct corollary of Proposition 3.1.3.1 of
[20] and section 3.1 in [4]. Hence the proof is omitted here. 0

COROLLARY 3.3. Let A € S™(F™) and (3.1) be a rank decomposition of A with
r > 2. Then there is no index k such that x(v%) ~ 2U*) for all i,j € {1,...,7} and
it

Proof. Otherwise, we assume without loss of generality that z(»1) ~ 21 for
i,7 € {1,...,7}. Letting W = Span({z(*V) 2@V . (D1 we have Dim(W) = 1.
From Lemma 3.2, z(»9) € W fori=1,...,7 and j = 1,...,m. We then have r(A) =
1, which contradicts the assumption r(A) > 2. The desired result is established
now. O
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Concerned with the relationship between the rank decomposition and the sym-
metric rank decomposition, let us begin with the case r(A) =1 or 2.

LEMMA 3.4. Let A € S™(F") (m > 3) and r(A) = 1 or 2. Then any rank
decomposition of A is a symmetric rank decomposition.

Proof. Case 1. r(A) = 1. Let (3.1) be a rank decomposition with » = 1. Since A
is symmetric, any slice of A is a symmetric matrix. This indicates that (19 ~ (1)
i =2,...,m, and the result holds clearly.

Case 2. 7(A) = 2. Let (3.1) be a rank decomposition of A with r = 2. From
Corollary 3.3, (17 o (29 for j € {1,...,m}. For the case j = 1, vectors PASTVICIE))
are linearly independent. Hence, there exist covectors ¢1, ¢o such that ¢i(x(k’1)) = 0;k-
Contracting A with ¢; in {1}-modes, we get

Ay by = Z¢ (kD) (k2) g ... g gbm) — 202 g ... g glim),

which is a symmetric rank-1 tensor. From Case 1, z(»? ~ z(b for i = 1,2 and

1 =3,...,m. In the same way, for the case j = 2, we can show that (1) ~ £ for
1 =3,...,mandi=1,2 So we can assert that z(»1) ~ z(®) for [ = 2,...,m and
i =1,2. This completes the proof. 0

Proposition 5.5 of [11] gives a similar conclusion under the condition rg(A) = 1
or 2. Asr(A) <rgs(A), Lemma 3.4 is then an extension of Proposition 5.5 of [11]. To
generalize above result, we need the following lemmas.

LEMMA 3.5. Fori = 1,...,7, let (%9 € F%\{0}, j = s+ 1,...,m, and B; €
Fraxn2XXns he s_order tensors. If the tensors

Bzt Ve ...0zt™ i=1,2,...r

are linearly independent and DimSpan({B1, B, ...,B,}) = p < r, then there exists an
indez jo, s+ 1 < jo < m, such that

DimSpan({B; ® z(}7%) By @ 2270 .. B, @ (™) }) > p
Proof. Without loss of generality, the set {B1,Ba,...,B,} is assumed to be lin-

early independent and B; (p+1 < j < r) can be expressed linearly by By, Ba, ..., B,.
From Lemma 1 of [28], we have

(3.2) DimSpan({B; ® 2", By @ 2>, ... B, @ 2@ }) = p.
Hence

. pan 1 J 2 . =
(3.3)  DimSpan({B; ® 21 By @ 239 .. B, @z} >p, j=s5+1,.

Next, we will show that the inequality (3.3) holds strictly for some j € {s +
1,...,m}. Otherwise, for any given k (k > p) and j = s+ 1,...,m, there exists a
nonzero p-tuple (Bi;1, Brj2, - -, Brjp) € FP such that

p
By, @ xk9) = Zﬁkg‘llgz @z,
=1
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Contracting both sides in (s + 1)-modes with y satisfying y " 2(*7) = 0, we have

P

0=(y z*NB, = Zﬁka(nyE(l’j))Bz.

=1

By the linear independence of By, By, ..., By, it follows that y ' xF3) =0 for Brji 7 0.
By the choice of y, we have

(3.4) 2®9) 2D forall 1=1,...,p and Brji # 0.

That is, if Bg;; # 0, there exists yx;; # 0 such that zi) = fykjlx(k’j). Then B =
> =1 kit Brjit B

Noting that both {B;[l = 1,...,p} and {B; ® (")) |l = 1,...,p} are linearly
independent, the coeflicients By;; and By;ivk;: are uniquely determined. For simplicity,
VjiPrji is denoted by 7. By construction, if 74, # 0, then ;i # 0 for any j. From
(3.4), we have

p m
Bk®x(k,s+1)®m(k,s+2)®__.®m(k,m):Z 1/ H Vi B @zt g, gptm),
=1 j=s+1

This contradicts the assumption. Hence, (3.3) holds strictly for some j and the

conclusion follows. d
LEMMA 3.6. Let z; € F*,i =1,...,7, be nonzero vectors and x; > x; for 1 <i#
i < If rp = DlrnSpa.n({:C‘X)’C ®k,. L aBRY) <1, then i1 =
Dimspan({z?* TV zSE+D ok S
Proof. Suppose that the set {x®k Sk .. x®k} is linearly independent and p <
r. We now show that the set {x?(kﬂ), Tq UCH), . ,xpﬁﬂ)} is also linearly indepen-
dent. Otherwise, there exists a nonzero p-tuple (o, ..., ;) € F? such that

P
@(k+1) _ @(k+1)
i=1

For any nonzero vector z € F" with 22,1 = 0, we have by contracting above tensor

in 1-modes with z
p
Zoz (zTa;)zf* = 0.
i=1

From the linear independence of {m®k |i =1,...,p}, we have z"x; = 0 for a; # 0.

Hence, if «; # 0, it holds that ; ~ zp+1 and a contradiction follows. 0

By Lemma 3.6, Corollary 4.4 of [11] is improved as follows.

COROLLARY 3.7. Let x; € F*,¢ = 1,...,r, be nonzero vectors and x; » x; for
1 <i+#j<r. Then for any m > r—r—i—l {2 2$™, . . a®™} s linearly
independent, where 7 = DimSpan({x1,...,2;}).

We are ready to present our main result of this section.

THEOREM 3.8. Let A € S™(F™) and m > 3. If r := r(A) < m, then any rank
decomposition of A is a symmetric rank decomposition.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/05/18 to 221.238.246.42. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

COMON’S CONJECTURE, AND RANK DECOMPOSITION 1725

Proof. From Lemma 3.4, the result holds for the case r < 2. It suffices to consider
the case m > r > 3. Let (3.1) be a rank decomposition of A with r > 3.

Set j; = 1. By Corollary 3.3, r; := DimSpan({z(*V, 221 2D}l > 2,
By Lemma 3.5, there exists a jo € {2,...,m} such that ry := DlrnSpan({JL‘(1 D g
zLi2) 221 @ g(252)  pnD) @ x(’"’h)}) > rq. Clearly, ro > 3. Continuing this

procedure, an index set I, = {j1,Jo,...,7s} (s < r) can be found such that r =
TS>1"S_1>~~>r1>2andrk>k+1 k= 1,2,...,s, hold. Here, r, =
DimSpan({z("/1) @ 2(72) @ ... @ £9%) |i = 1,2,...r}),k = 1,...,s. It is easy to

checksgr—lSm—2fromthefactr=rs23+1
For simplicity, let J; = {1,...,m}\Is := {js+1,...,Jm} and denote for k =
1,2,...,8
Aip, = 201 @ g(hd2) @ ... @ g (i),
{ [j’iJC =  pEkt1) ® 2 (dkt2) R ® 2 (Edm) |

Based on these notations, A can be rewritten as

A= i-"li,s &® Bi7s-

i=1
From the linear independence of {ALS, ., Ar s}, aset of covectors {¢; }i=1,., can be
found, which is dual to {A15,..., Ars}. That is, ¢;(A;s) = 6;5 for 4,5 =1,2,...,r
Contractmg A in I;-modes with (;5] (j=1,2,...,s), we have

A ¢ =Y 6i(Ai)Bis =B,
1=1

which is a rank-1 symmetric tensor. By Lemma 3.4, (07%) ~ 2(0dm) k= s4+1,...,m.
Hence, fori =1,2,...,r, B; ;s has the form B, ; = aiy?(m_s) with y; € F"® and «; # 0.

We thus have the following rank decomposition:

(35) A:Zai 15®y®(m 9 — ZOZ.AZS 1®£L’ ’]b)®st

=1

By Lemma 3.1, {A4; s_1 ® y‘?(m_s) |i=1,2,...,7r} is linearly independent. Applying
Lemma 3.5 to vectors A; s—1 ® y®(m S)(z = 1,2,...,7) several times, we have the
linear independence of {A; s_1 ®@ y; Olr=rs-1) |i =1,2,...,r}. Therefore, there exists
a set of covectors {v;};=1,. , which is dual to {Amfl ® y?(rfrs’l) i =1,2,...,r}
That is, v;(Ajs—1 ®y®(7 e 1)) =0;5, 4,7 =1,...,r. Hence,

3

At Ugenp Vi = D Wil Ajem1 @y 7))y BT o)) g g ()
=1

g@)(mef(Tfrsfl)) ® (isds)

.

|
<

is a rank-1 symmetric tensor. Here, m — s — (r —rs_1) = m —r + (rs_1 — 8) >
m —r > 1. Therefore, 2(7s) ~ y;, and A = S BiAiso1 ®y; ©m=s+1) for some
Bi€F, i=1,2,...,r

Repeating the above procedure from s — 1 to 2, we can show

A= Zﬁx(zl)@)y ®(m—1) Zﬁl(@(ml@le)

i=1
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®(m—1), o y?(m—l)

Form Lemma 3.1, y; are linearly independent. Moreover, y; %

y; for any 1 < ¢ # j < r. Otherwise, y; ~ y; will lead to yfa(mfl) ~ y?(mfl).

Applying Corollary 3.7 to vectors yi, ..., ¥y, {yfg(rfl)7 . ,yf?(rfl)} is then linearly

yeeey =1,...,

that ﬂi(y;g(ril)) = §;; for i,j = 1,2,...,r. Contracting A in I-modes with 7; (I =

{1,...,r —1}), we have

A= 3 BmEE T @20 = By @ o),
J=1

which is a rank-1 symmetric tensor. So we can assert that y; ~ 2(»!) and the decom-
position (3.1) is symmetric. |
The following corollaries give a positive answer to Comon’s Conjecture.

COROLLARY 3.9. Let A € S™(F") and r(A) < m. Then Comon’s Congecture is
true.

COROLLARY 3.10. Let A € S™(F") and rs(A) < m. Then Comon’s Conjecture
s true.

The following lemma can be found in [12, 20].

LEMMA 3.11. For any binary symmetric tensor of order m, its symmetric rank
is not larger than m.

By Corollary 3.10 and Lemma 3.11, we have the following result.

COROLLARY 3.12. For any binary symmetric tensor, Comon’s Conjecture is true.

To end this section, we consider the following example.

ExAMPLE 3.13. Consider a 3-order two-dimensional symmetric tensor A with
non-zero elements
A = -1, A =1

Shown in [11], rg(A) = 3 over the real field R with a symmetric rank decomposi-
tion

(3.6) A:;<}>®3+;<_})®3—2(é>®3,

and rg(A) = 2 over the complex field C with a symmetric rank decomposition

\/jl < —\/jl )@3 \/jl ( \/jl )@3
(3.7) A=Yt _V/1 |
2 1 2 1
We shall show below that rg(A) = r(.A) over both C and R.

In fact, from Lemma 3.1, it is easy to see that r(A) # 1 over C and R. This
implies that r(A) = 2 over C. Hence, Comon’s Conjecture is true for A over C. On
the other hand, since 3 = rg(A) > r(A) > 2 over R, it suffices to show that r(A) # 2
over R by contradiction. By a proof similar to that of Lemma 3.4, we know that a
rank decomposition is a symmetric rank decomposition for tensor A. Hence, it is
established that r(A) = 3, and Comon’s Conjecture is true for A over R.

REMARK 3.14. It is well known that the rank and the symmetric rank of a
(symmetric) tensor may be different in different fields; see section 3.1 in [19]. However,
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under the conditions of Corollaries 3.9 and 3.10, the rank and the symmetric rank of
a symmetric tensor coincide regardless of the fields F.

4. Comon’s Conjecture for the case that the rank is equal to the order.
For any symmetric tensor with the rank being less than its order, any rank decom-
position is shown in the above section to be a symmetric rank decomposition. This
section is concerned with the case that the rank is equal to the order. To begin with,
let us consider the following example.

EXAMPLE. Let a,b € F” be nonzero vectors and a ¢¢ b. For m > 3, introduce the
following m-order n-dimensional symmetric tensor:

(41) A=a@bRb® - Qb+bRa@bRb®--- @b+ -+bRbRbR--- R a.

Then by Proposition 5.6 of [11], we have rg(A) = m. From Corollary 3.10, r(A) = m.
Hence, (4.1) is a rank decomposition of A and is not a symmetric rank decomposition

of A.

Therefore, for a symmetric tensor whose rank is larger than or equal to its order,
a rank decomposition need not be a symmetric rank decomposition. To proceed, we
ask, what is the symmetric rank of a symmetric tensor with its rank being its order?
To answer this question, we need the following lemma.

LEMMA 4.1. Let A € S™(F") with r(A) = m > 3. If (3.1) is a rank decomposi-
tion of A with r = m and DimSpan({z(MD) 23V . 20mDY) > 3 then (3.1) is a
symmetric rank decomposition.

Proof. Similarly to the proof of Theorem 3.8, an index set I = {4j1,j2,...,Js} C
{1,2,...,m} can be found such that m =rs > rs_1 > - >ry >3 and rp, > k+ 2.
Here, 73, := DimSpan({A; ) = (") @ £(072) @ ... @ x(3k)|i = 1,2,...7}) for k =
1,2,...,s. It is easy to check that s < m — 2. The rest of the proof is similar to that
of Theorem 3.8 and is omitted here. O

THEOREM 4.2. Let A € S™(F") and r(A) = m. Then rs(A) =m.

Proof. From Lemma 4.1, it suffices to consider the case DimSpan({z!),

(12 gmm)ly = 2 To simplify the notation, we denote Spa;l({x(l’l), _a:_(m), .
(MY = Span({p, q}) for two nonzero vectors p,q € F”. Let z(*) = Pa(%7) where
P = [p,q| is a matrix and a(*9) are two-dimensional vectors. Then, it holds that
o = 3 6700 = 3 L™ 7a) = 7m
i=1j=1 i=1j=1

Here, 2 € F*, y = PT2 € F2, and

T=Y "V @d™? @ . ©aé™ =(PT PT,....PT). A
i=1
is an m-order two-dimensional symmetric tensor. From Proposition 3.1.3.1 of [20] and
its symmetric version, we have r(A) = r(T) and rg(A) = rs(T).
In view of binary tensor 7 and Lemma 3.11, we have rg(7) < m, which implies
rs(A) < m. Together with the fact r5(A) > r(A) = m, one obtains immediately that
rs(A) = m, and the statement is established now. 0

Based on this result, Corollaries 3.9 and 3.10 can be improved as follows.

COROLLARY 4.3. For A € S™(F™), Comon’s Conjecture is true if r(A) < m or
rs (.A) <m+ 1.
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