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Differences of integral-type operators from weighted
Bergman spaces to 8-Bloch—Orlicz spaces

By YU-XIA LIANG (Tianjin) and ZE-HUA ZHOU (Tianjin)

Abstract. We found several characterizations for the boundedness of the differ-
ences of integral-type operators from weighted Bergman spaces to $-Bloch—Orlicz spaces
on the unit disk. In particular, their descriptions in terms of the n-th power of the in-
duced analytic self-maps were also found. After that we estimated their essential norms,
which can provide new compactness criteria. Finally, we completed this paper with anal-
ogous results for the differences of relevant integral-type operators acting from weighted
Bergman spaces to 8-Bloch—Orlicz spaces, which extend and strengthen several existing
results in the literature.

1. Introduction

Let H(D) be the space of all holomorphic functions on the open unit disk D,
and S(D) the collection of all holomorphic self-maps on D, where D is the unit
disk in the complex plane C. Given a continuous linear operator 7" on a Banach
space X, its essential norm is the distance from the operator T' to compact op-
erators on X, that is, ||T|| = inf{||T — K| : K is compact}. It is trivial that
IT|le = 0 if and only if T is compact, see, e.g., [3]-[5], [10]-[11], [14], and their
references therein.
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For a € D, let ¢, be the automorphism of D exchanging 0 for a, that is,
va(z) = (a—2)/(1 — az). For z,w € D, the pseudo-hyperbolic distance between

z and w is given by
z—w

p(z,w) = |pw(2)] =

1 —wz

In what follows, we will denote p(z) = p(¢(2), 9 (2)) for ¢, € S(D).
For an analytic self-map ¢ : D — D, the composition operator Cy : H(D) —
H (D) is defined by

Cof =foo, [feHD).

The study of composition operators is a fairly active field. For general mo-
tivations on the theory of composition operators, see the excellent books [1]
by COwWEN and MACCLUER, and [16] by SHAPIRO, for more information. Based on
our previous work, we generalized the results in [8] to some extent. We concentrate
our attention on the boundedness, compactness and essential norm estimations
of the differences of integral-type operators acting from weighted Bergman spaces
to [-Bloch—-Orlicz spaces, and then we list several similar characterizations for
other relevant integral-type operators. It is popular for the investigations on the
operator theoretic properties of integral-type operators expressed in terms of func-
tion theoretic conditions on symbols, which have been a subject of high interest.
Devoted readers can refer to the very recent papers [6]-[8], [11]-[12], [17], and
their reference therein. To begin with, we provided four integral-type operators,
which have close relationships.

(a) Given g € H(D), the operator TY is defined by
TIf(2) = /0 F(t)g(t)dt, fe H(D), z €D,

(b) Given g € H(D), the operator T, is defined by
1,1()= [t @, feH®) ze.

(c) Let ¢ € S(D) and g € H(D), then the operator Py is defined by
P = [ Hea, f e HD). 2D

(d) Let ¢ € S(D) and g € H(D), then the operator T,Cy is defined by

n%ﬂ@=£3w@www,femm»em
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Indeed, these integral-type operators are closely related. On the one hand,
let ¢ = id the identity map in PJ and T,Cy, then P, = T9 and T,Ciq = T,.
That is, the operators 79 and T are special cases of Pg and T,C4, respectively.
On the other hand, if we let g = &' € H(D) in PJ, then P(f = T,Cy4. Motivated
by the above observations, we will first collect some interesting consequences
about Pg — PJ} acting from weighted Bergman space to 8-Bloch—Orlicz space for
¢, € S(D) and g,h € H(D). And then the analogous results for the differences
of another three integral-type operators will apparently follow. We refer the
readers to [6] and its references therein for some descriptions about integral-type
operators acting on several holomorphic function spaces. In what follows, the
definitions for holomorphic spaces we investigated were exhibited in details.

Let o be a weight; that is, u is a positive continuous function on D. We recall
that the p-Bloch space B, = B, (D) consists of all f € H(D) such that

1f1l5, = 1f(0)] +§1€15u(2)|f’(2)| < 00

It is a well-known fact that the p-Bloch space B, is a Banach space under the
norm ||f||g,. In particular, if u(z) = (1 — |2[*)®, it follows that B, = B* (see
[14] and [21]). For a = 1, B® = B, the classical Bloch space (see, e.g. [8]);
if 0 < @ < 1, we have B® = Lip,_,, (see, e.g. [23]), the analytic Lipschitz space,
which consists of all f € H(D) satisfying

|f(2) = f(w)| < Clz —w|* ™,

for some constant C' > 0 and all z,w € D; when a > 1, B* = HS® ;, the a — 1-
weighted-type space of analytic functions that contains all f € H (D) satisfying
sup(1 — [2[*)* 7 f(2)] < 0.
zeD
More generally, let v be a strictly positive continuous and bounded function
(weight) on D. The weighted-type space H° is defined to be the collection of all
functions f € H(D) that satisfy

[ flle = supv(2)|f(2)| < oo,
z€D

provided we identify that differ by a constant, and then H° is a Banach space
endowed with the norm ||.||,, see, e.g. [2], [5], [22], and their references therein.
In particular, let v(z) = (1 — |2]?)®, then HE_|,j2y» was denoted as HZ®, which
was called an a-weighted-type space endowed with the norm

1l zzge = sup(1 = [2[*)2[f(2)].
zeD
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Recently, RAMOS-FERNANDEZ employed Young’s functions to define the
Bloch—Orlicz space B? [15], which is a generalization of the classical Bloch space B.
More precisely, let ¢ : [0,4+00) — [0,+0c0) be an N-function, that is, ¢ is
a strictly increasing convex function such that ¢(0) = 0, which implies that
lim ¢(t) = +00. The Bloch—Orlicz space linked with the function ¢, denoted by

t—o0

B? = B?(D), is the collection of all f € H(D) fulfilling
Slelg(l = 2Pl (2)]) < o,

1

for some A > 0 depending on f. We can further suppose that ¢ =" is continuously

differentiable. If ¢! is not differentiable everywhere, we can define the function

Y(t) = /Ot de, t>0,

T

then 1 is differentiable, whence 1)~ is differentiable everywhere on [0, c0). Since ¢
is a strictly increasing, convex function satisfying ¢(0) = 0, therefore the function
o(t)/t, t > 0, is increasing and

o(t) > P(t) > /t @dx > <;> for all t > 0.

t/2 T

As a consequence, BY = BY. Because of the convexity of ¢, we can show that the

171, :inf{k>0:5¢ (J;) < 1}

defines a seminorm for B%¥, where

Minkowski functional

Se(f) = sup(1 — |2*)e(| f(2)]).

z€D

Furthermore, we can verify that B¥ is a Banach space under the norm

[fllse = [£O) + (/]

s
S (llfllm) =t

Observing that

we get the following lemma.
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Lemma 1.1. The Bloch—Orlicz space is isometrically equal to a uy-Bloch
space, where

Whence for any f € B?,
£l = 1£(0)] +Slelguf(z)|f’(2)\-

As far as we all know, the readers can consult, e.g., [15], [19] and the refer-
ences therein, for the Bloch—Orlicz spaces. It is evident that Bloch—Orlicz spaces
generalize some other spaces. For example, if p(t) = t? with p > 0, then B%
coincides with an a-Bloch space B, where oo = 1/p; if (t) = tlog(1 + t), then
B# coincides with the log-Bloch space (see, e.g. [20]). By a parallel generalization
of a B-Bloch space B? for 3 > 0, we define the 3-Bloch-Orlicz space BY = BE(D)
[6], which is the class of all f € H(D) satisfying

sup(1 — |2[*) (A f'(2)]) < oo,
zeD

for some A > 0 depending on f. Besides, the -Bloch—Orlicz space Bg is also
a Banach space under the norm

1fllsg = [FO) + 1 flle85

[flle.8 = inf{k >0: 8,8 (J];) < 1},

Sp.p(f) = sup(l — 217 (1f(2))).

zE
It turns out that B“g = B? when § = 1. Furthermore, a standard fact is that

f/
S —_— 1,
o <||f|B;> =

which yields a lemma linking with Lemma 1.1.

where

and

Lemma 1.2. The -Bloch—Orlicz space is isometrically equal to a ,ug—Bloch

space, where
1
,ug(z) =———, z€D.

_ 1 ’
N ((1—\z\2>ﬁ>
Whence for any f € B,

£z = 1£(0)] +§lelgu§(z)lf’(2)\- (1.1)
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This norm allows us to define the little 8-Bloch—Orlicz space, denoted by BE’O,
which consists of all f € H(D) such that
lim p?(2)|f(2)] = 0.
Qi 1 (2)|f'(2)]

Clearly, Bf , is a closed subspace of Bf.

Remark 1.3. For the sake of convenience in our writing, we will always use
115 (2) to stand for 1/p7 1 (W) . In the sequel, we will employ the norm given
in Lemma 1.2 to show our main results concerning differences of all integral-type
operators.

We recall that dA(z) = (1/7)drd# is the normalized Lebesgue measure on D,
and let dA4(2) = (a+ 1)(1 — |2]?)*dA(z) be the weighted Lebesgue measure for
—1 < a < oo such that A,(D) = 1. The surface measure on 0D (the boundary
of the unit disk) will be denoted by do satisfying o(0D) = 1. Interestingly,
[24, Lemma 1.8] showed that the measures dA, and do are related by the the
polar coordinates formula

1
/f(z)dA(z) :2/ rdr frQ)do(¢). (1.2)
D 0 oD

We recall that the weighted Bergman space A = AP (D) consisting of those
functions f € H(D) satisfying

11 = [ 15)PaA ) < o

It is easy to check that if p < ¢, then AZ C AP and AP, C A?_ . Finally, H> is the
space of bounded analytic functions on D, with || ||z~ = sup{|f(z)|: z € D}.
Then H*® C AP, and this inclusion is proper if p < oo. Based on the polar

(o8]
transformation and (1.2), we calculate that

12" 1% = /D |2"[PdAa(2) = /D 2" (e + 1)(1 — |2]?)*dA(z)
=2(a+1) ; rdr /8D " (1 —r°)%do(()
_ (a + 1)/0 (T2)1+np/2—1(1 _ Tz)a+1_1d(7‘2)
=(a+1) /1 /271 ety — B(1+np/2,a + 1)
0
L(1+np/2)T(a+1)

=(a+1 ~(a+1Dn" "t asn— oo,
( ) I'2+np/2+ ) ( )
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where the last equation is due to the Stirling’s formula. That is to say that
27| a2 2 n=@FD/P 1 asn — oo (1.3)

In 2009, a great interest was paid to describing some properties of the compo-
sition operator C'y on Bloch-type spaces in terms of the n-th power of the analytic
self-map ¢ of the open unit disk D. For Bloch-type spaces, ZHAO [21] obtained
that ||Cylle gesps ~ hmsup n®= ¢l for 0 < o, < oco. Since then, many

mathematicians have contrlbuted to the development of this new characteriza-
tions for some classical operators, interested readers can refer to [3]-[4], [9]-[11]
and [18]. As far as we all know, there has been no such new descriptions for
differences of classical linear operators, especially for differences of integral-type
operators acting from weighted Bergman spaces to 8-Bloch—Orlicz spaces. Hence
these problems are in desired need for response, and we will start with these in-
vestigations. By constructing some more suitable test functions, we resolved this
problem partially. Of particular interest is that the Orlicz-type spaces Bg are not,
quite often used in the literature. The outline of the paper is organized as fol-
lows: the properties of Pg — P;Z} : AP — Bg were exhibited in Section 2, and then
the similar properties of Pg — Pg AP — BEO were investigated in Section 3.
Finally, some corollaries were presented in Section 4. In summary, this paper
provides a systematic exposition of equivalent conditions for the differences of
integral-type operators from weighted Bergman spaces to 8-Bloch—Orlicz spaces.

We want to finish this introduction by mentioning that in what follows, for
two positive quantities A and B, the notations A ~ B, A < B, A = B mean that
there may be different positive constants C' such that B/C' < A < CB, A < CB,
CB < A. Throughout this paper, constants are denoted by C, they are positive
and may differ from one occurrence to the other. Besides, we denote by Ny the
set of all nonnegative integers and denote v = (2 4+ «)/p in order to simplify our
writings.

2. The properties of PJ — P£ : AP — Bf

2.1. The boundedness of Pg — P£ : A%, — Bj. In this section, we will give
several characterizations for the boundedness of PJ — Py : A — BY. For a € D,
define two families test functions,

(1—a]?) ;o (1—la®) a—z
(1—az)?’ falz) = (1—az)? 1-az

fa(2) =

(2.1)
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By using a standard procedure, it turns out that
: (1-faf)™

IFullg =21l = [ S dda(2)= [ (ar)

which is due to [24, Theorem 1.12]. That is to say, sup||faflaz = 1 and
ach

(1=[2[*)*(1—al*)*
2(2ta)

dA(2)=1,

[1—az| |1—az|

sup || fal| az. = 1. For our further use, we denote two notations as below:
[AS)

R e o T A A e T e
Lemma 2.1 ([24, Theorem 2.1]). Suppose 0 < p < oo and a > —1. Then

11l az
|f(2)] < m7

for all f € AP, and z € D.
Lemma 2.2. Let 1 < p < oo and f € AP, then it holds that
(1= 12127 £(2) = (1= [wl2) F(w)] < CIIf g olzw),
for all z,w € D.

PROOF. By Lemma 2.1, it follows that if f € AL, then f € HJ® and || f||pe <
| fll az. Then by [2, Lemma 3.2], there is a constant C' > 0 such that

(1= [21%)7f(2) = (1= [w*) f(w)] < C|| |z p(2,w0) < Clfllazp(z,w),
for each f € AP and z,w € ID. This completes the proof. (I

In the following lemma, we employ the test functions defined in (2.1) and the
notations given in (2.2).

Lemma 2.3. Let 1 <p <oo,a>—1,0< < oo, and ¢ : [0,00) — [0,00)
be an N-function. Suppose ¢, € S(D) and g,h € H(D), then the following
three inequalities hold:

() sup |7(99)(2)] p(2) < sup (F5 —Pi) full +sup (P —P}) fallss: (2:3)
(i) sup [T (h) (2)] p(2) <sup (P = PL) fullisg +5up | (P = P2 fullss: (2.4)
zeD a€cD acD
(iii) - sup |7(99)(z) = T3 (k) (=)

<sup (P} = Py)falls; + sup 1(P§ = Pi)fallss- (2.5)

PRrOOF. Firstly, we employ (1.1) and ((P] — Pg)f)’ = f(o(2))g(2) —
f(¥(2))h(2) to express the norm ||(P] — Pg)fdj(a)ﬂgg as below:
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1(P] = P) foa) 2
= sup 15 ()| foay((2))9(2) = foia)(¥(2))h(2)]

> 15(0) Fote) (6(0))g(a) — Foa (@) ()] (2.6)
o @@l (1 [e@P) (- @) #5a)h@)
= - Ts@P) 1—s@u@Pr  0-R@Py

(1= 16(@))" (1 = [$(@)2)
1= g(@)p(a)

= TP (g90)(a)| — T2 (h))(a). (2.7)

Similarly, it turns out that

IPS = Pi) fota sz = 15 (@)l Foray (9(@))g(a) = foa) (¥(a))h(a)]

@ (1—lp(a)?)”
= a)lh(a)| ———=—=—"""—p(a
@@= S )

_ (A —lg(a@))7 (A —[¥(a)?) Mﬁ(a)lh(a)lwp(a)

11— ¢(a)y(a)> (1 —[(a)?)

(A =lp@)P)" (1 = [P(a)) 5

= —— TP (h)(a)|p(a). .
A A 0w @) (28)

Putting (2.8) into (2.7), we deduce that

T (99)(a)] p(a) < [(PS — Pf) foca) sz p(a)
(1=1[p(a))"(1 = [¥(@)*) 5
L T2 (h)(a
T s
< (P = Py) foa sz + 1(P] — Pﬁ)qu(a)\\zsg’ (2.9)

p(a)

where the last inequality is due to the fact p(a) < 1. Analogously, we deduce that
|77 () (a)| pla) < |(PS — P fua sz + 1(P] — Pﬁ)ﬁp(a)HBp (2.10)
Taking the supremum about ¢ € D in (2.9) and (2.10), we arrive at
Q) sup |77 (99)(@)] p(a) < sup (I(PF = PL)fote sz + (P2 = PE)focwllsg)

< sup (1P = 1) fallsy +1(PL = P1) fullsg ) (2:11)
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(i) sup 77/ 00)(@)| pla) <sup (I1(PY =PI fullsg +1(Pf = P2) ol ) (212)
On the other hand, we change (2.6) into

9(a) h(a )(1 |6(a)[*)

I(P] = P}) fote sz = 15 (a)

= 6P) (1 - s@u (@)
h(a
> |78 (9)(a) — T2 (hb)(a)] — (1—(|12@L()|2)|v

< |(1 = 1¢(a)*) fo(a) (¢(a)) — (1= [¢(a)]*) fo(a) (¢b(a))]
= T/ (99)(a) — T (h))(a)| — | T (he))(a)|

X (1= [¢(a) )" fi(a) (@(@)) = (1= [(@) )" fis(a) ($(a))]
= [T7 (99)(a) = T (W) (a)| = [T () (a)| pla).  (2.13)

The last inequality in (2.13) is due to Lemma 2.2. The above inequalities imply

(iii) sup |7 (g¢)(a) — T (heb)(a)|

acD

= sup (ICPE = P fotarllsg + T () (@)] pla))
<o (172 - Pl fallsg + 104~ PO 214

(2.11), (2.12) together with (2.14) imply the statements (2.3)—(2.4). This com-
pletes the proof. O

Very interestingly, the next lemma includes the n-th power of the induced
analytic self-maps on D.

Lemma 2.4. Let 1 <p <oo,a>—1,0< 8 < 0o, and ¢ : [0,00) — [0, 00)
be an N-function. Suppose ¢, € S(D) and g,h € H(D), then the following
statements hold:

(@) supll(F] — P})falls; < sup nllge" — hy" |,z
a€c

neNg

i) sup |[(P? = P! fullge < sup n?||gd"™ — hp™|| e
() supl|(P2 ~ P4l = sup 'l I

PrROOF. For v = (a+ 2)/p > 0, we recall that

1 o~ I'(k + 27)

(1-az)® & T2k (az)".
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Hence we can express the Maclaurin expansion of f, as

o Ol e T2y
fa( )_ (1—@2’)27 _(1 | | ) ];J F(2’}/)k" ( ) . (215)

It further yields that

poy_ (A—laP) a-—z

falz) = (1-az)? 1-az
_ 2\ = T(k+27) a(l —az) +la*z — 2z
= (1 =lal) <k2=0 T(27)k! aw) < 1-az )
— (1 — a2y ~L(k+27) 4 la
= (1 jaP) (; ket )( (-1~ )
_ (1 _ |a|2)'y (Z FI(‘]ZQ:;;/) akzk> < 17 |a| Z —k k+1>
k=0 —o

a1 a2y S PR+ 27) g

(1 [aP)r! (Z F;’z;yﬁj)ak k) (ZakzkH)

k=0 k=0

—y _azyocr(k‘f'?ﬂ o)+ 1Fl+27) a1,k
= a7 3 gy @ (1l Z(l w)

0o k—1
= afa(z) = (1 —|af” 7“2 (ZF l;jﬁ ) TLk, (2.16)

1=

On the account of the Maclaurin expansion in (2.15), we verify
I(P] — P}) fallsz

= rk; 2
< oy 3 2D ey phat
k=0
= T k
= (1 Japyr Y TEE2Y ST 7)) al* sup a5 (2)lg (200" (2) — h(2)*(2)
k=0

=T k+27
af*)" Y gy altlles” — hutll,e (2.17)
k=0
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Lk +27) k k

(1- )Y —h ¢

oy S SR (2 oot — htl
oo
r k + 27 - n n

(1—|al? "’Z al*(k4+1)77 - sup n”||go" — hap Hﬂg. (2.18)

k=0 neNy
By Stirling’s formula, it follows that

7L as k- oo

Q
=
+
Nawt

— P (k+1) "= (k+1)7Y ask — oo

Therefore we conclude that

1 ::<m F(k%_W)M”k
A=Wy ~ 2 HIE)
~ St S K Gy 2
k=0

Putting (2.19) into (2.18), we deduce that

||(P£ - PlZ)fa”B;;’ < (1—la?)” A=y ‘ & ‘ Sup n”||go™ — h¢"||#g
< sup n”ngw—hw"nu;;. (2.20)
neNg

Using the Maclaurin expansion in (2.16), it turns out that
1P~ PJ)fullss

oo k—1
Il + 2y
< (Pf=P}) fallz +(1~laf? ”“Z(Z NE l,) jal* (g = Pp)="llsg
k=1 \Il=0 7
k—

= (P = P} fullsz + (1 |al?) 7*1200: E:F ”’V jafk!
2
=

xsup |15 (2)lg(2)6" (2) = h(2)6" (2)]]

z€D

,..

k—1

r(i+2
= (P2~ P} fullsz +(1-aP W“Z(Z " ”) alt 1 lgot—h . (2:21)

l
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Furthermore by Stirling’s formula again, we obtain
k—1 k—1
Ll +2y) 291 2y
WNZ(Z—i—l) Nk 5 ask:—)oo.
1=0 1=0

The second equivalent display is due to the fact below. For simplicity, we denote
ay = f;ol(l + 1)~ and employ the Binomial theorem to obtain

BV —(k—1)" = (k—1+1)* — (k- 1)*7
= (k=D + @)=+ 1= (k- D7
=2k -1 44 1
here we may observe that the sum on the right-hand is not necessarily finite if

~ is not an integer, which does not essentially affect the following estimates. And
then we deduce from the Stole-Cesaro formula that

i 25 Ak — Gkl _ k21
hovoo B2 koo k2 — (k — 1) ksoo k27 — (k — 1)27
k21 1

= i _—
oo 2N (E— D214 +1 2y

The above facts entail (2.21) into

1(PS — Pl allsz

< NS — P allsg + (1= 1al2) 0 3 K (alt gk — h¥lls  (222)
k=1

< NP~ P ullss + (1~ Jaf? )7 S K al - sup g —
k=1

= (P = P} fallsz + (1 — laf? ”“Zlﬂla\k b sup n||ge" — hy" e

k=1
1 n n
= ||(P£ - Paﬁ)fa”Bg + (1 - ‘a|2)7+1 (1 — |a|)’Y+1 ’ Sgg nWHg(’25 —hy HM?
n€Np
< sup W7lg" — e (223)
neNy

here the second line from the bottom is due to

k—1
( |a\ 'v+1 ZWM

by (2.19). After that, we take the supremum about a € D in (2.20) and (2.23),
which completes the proof. ([l
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Following is one of our main results, which combines the previous lemmas.
Theorem 2.5. Let 1 <p <oo,a>—1,0< < oo and ¢ :[0,00) = [0,00)
be an N -function. Suppose ¢,1p € S(D) and g,h € H(D), then the following
statements are equivalent:
(i) P§— Py : AL — Bf is bounded;
(i) sup[T7(9)(=)lp(2) +sup [T (96)(=) = T () (2)] < oo,
sup 77 (h)(2)|p(2) +sup T (99)(2) — T () (2)] < o0
zE zeE

cee g h g h\
(iif) sup 1(Pg — Py)fallsg + sup I(Pg — Py)fallsz < oo

Moreover, if (iv) sup n7||g¢"™ — hz/;"||ug < o0 holds, then (i) is true. Besides, if
neNyp

(i) holds, it yields the statement (v) sup n?~/?||g¢" — th”ug < 00. That is, the
neNy
following relationships hold: (iv) = (iii) & (i) & (i) = (v).

PROOF. The implications (iv) = (iii) = (ii) follow from Lemma 2.4 and
Lemma 2.3, respectively. It is easy to check that the implication (i) = (iii) can
be deduced from the facts sup || fal|ar =< 1, sup||fallar = 1, and the boundedness

ach a€D

of P] — PJ} : Ab, — BY. To be specific, it turns out that
g _ ph v g _ ph\f
225”(134’ P¢)fa||3ﬁ+ilég||(P¢ Py)fallss
< [(P] = P})llaz -2 Slelg(\\faHAg + [ fallaz) < +oo.
In what follows, we will prove (i) = (v) and (ii) = (i).
(i) = (v). Suppose that P — P} : Ab, — Bf is bounded. As we all know,
the monomial function 2" € A%, and ||z"|| gr ~ n~(@FD/P = n=7+V/P as n — oo,

from (1.3), we conclude that

n

z
00 > ||Pj,' — P1Z||A§—>Bg = H(Péf - PQLL)W
27l Ag BY
= py—1/p Supug(z)|g(z)¢"(z) —h(2)Y"(2)| = nﬂf_l/png‘ﬁn - hl/Jn”u;;’-

z€D

The above formulas imply

sup n P gg" — hp" e 2 |1Pg — PJZHAgHBg < 00,
nelNg

which shows the statement (i) = (v).
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(ii) = (i). For any f € AP, we employ Lemma 2.2 to show that

I(P§ = P})flisz
= sup 15(2)19(2) f(9(2)) — h(2) f(¥(2))]

= sup 1T2(90)(2)] |(1 = |6(2) ) f(6(2)) — (1 = [(2)[2) F(¥(2))]
+sup(1 — [¢(2)]?)[f (¢ ()| | T} (9¢)(2) — T (b)) (2)|

zeD

S sup 77 (99)(2)]p(2) + sup |77 (99)(2) = T7 (M) (2)] < oo (2.24)
Analogously to (2.24), we can also obtain that

I(PS — PL)fllsg
= sup TV () (2)|p(2) + sup T (99)(2) = T (W) (2)| < o0.  (2:25)

The two inequalities (2.24) and (2.25) imply that each one of conditions (ii) can
ensure the boundedness of Pg — PJ}L : AD — Bf. This finishes the proof. O

2.2. The essential norm of P] — Pl AP — Bf. In this section, we deduce
several estimations for the essential norm of Pg — Pg AP — Bg. Firstly, we
collect some parallel results from Lemma 2.3 as follows.

Lemma 2.6. Let 1 <p < oo, a>—1,0< < o0, and ¢ : [0,00) — [0,00)
be an N -function. Suppose ¢,vp € S(D) and g,h € H(D), then the following
inequalities hold:

(i) lim sup |7 (99)(2)| p(2)

T2 g(2)|>r

tmsup (74— PL)follsg +limsup (P — Pl
a|—

|la]—1

() lm sup |TP(m)(2)] pl2)

"= y(2)|>r

=< limsup||(Pf = P}) fullsz +limsup (P4 — P}) fullsz;

la|—1 la|—1

(iii) lirri sup {7;6(9@(73) - Tf(W)(ZM
"7 min{|g(2)], ]9 (2) [} >r

< limsup |(P — P fullgz + limsup | (P4 — P3) fullss-

|a]—1 |a]—1

PRrROOF. These results can be deduced from the inequalities (2.9), (2.10) and
(2.13) in Lemma 2.3. U
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Lemma 2.7. Let 1 <p < oo, a>—1,0< 8 < 00, and ¢ : [0,00) — [0,00)
be an N-function. Suppose ¢,v € S(D) and g,h € H(D) such that the operator
Py — Pf; : A%, — Bj is bounded, then the following statements hold:

(i) lim sup (P = P}) fullsz =< limsupn? g™ — h)™ [ e; (2.26)
al—1 n—oo

(i) h‘nTsup 1(P] — Pg)fa||35 = limsup n”|lgg" — hy)"|| ;. (2.27)
al—1 n—oo

PROOF. For any a € D and each positive integer N, employing (2.17) we
obtain

Tk + 2y)

I(PS = Pi) fallgz < (1 - lal?)" ];) T o9t = 1l
I'(k+2v) .
<(1-la?)” Z T@h al*lge* — hp* e
k=0
(o)
k+2’y
Y e T Al 9" = hvtllg- (228)
k=N+1
We denote
N
NG k —|— 27
Ji = (1~ 1al?) 72 lal®llge" = htlle,
k=0
= k+ 2y
Jai= (oY 30 S gk — hte
I'(27)k! :
k=N+1
On the one hand, for k € {0,---,N}, we can choose z¥ € AZ. Using the
boundedness of PJ — : AF, — Bf, it turns out that |lgp* — hwkH#w < 00
for k=0,1,..., N. Hence
limsup J1 = 0. (2.29)
la]—1
On the other hand, it follows from (2.19) that
— [(k+27)
Jo=(1—laf’)” Y Tk i e g
k=N+1
= k+ 2y — n n
<Py Y T a0 s g — b
i TR n2N+ ’

UV g — g < sup w6 — b
T A=la)r e YT neN "
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Furthermore, letting |a| — 1 in the above inequality, it leads to

limsup Jo = sup n”|gp"™ — hyp"| .. (2.30)
la|—1 n>N+1 s

Putting (2.29) and (2.30) into (2.28) and letting n — oo, we arrive at (2.26).
Similarly, by (2.22), we conclude that

1(Pg — Pl allsz
N

< (P = Pi) fallsz + (1 lal*)* Y k2[al* " ggh — h*|,.e
k=1
o0
(L= al) T Y ka9t — hg
k=N+1

N
< (P = P fallge + (1= lal)* Yk [al* g™ — h*|l,e
k=1

o0
+ (L= a)* Y K@l TR sup 0 lget — A s.
k=N+1 n>N+1

Taking (2.19) into consideration, we deduce that

N
I(PS =P fallss = 1(PS =P fallsg +(1=al?)7* Y7 k27 [al* " lge* —hp*| e
k=1

+ sup n7|ge" — Ay e
n>N+1 A
In view of the condition ||g¢* — hwkﬂﬂg < oo for k =0,1,...,N, and letting
|a] = 1 in the above formulas, we get that

limsup (74— Pf) ullsg = limsup (B — P4 Julss + sup 796" — byl

la|—1 |a]—1

We firstly let n — oo in the above inequality and then combine with (2.26), which
can verify (2.27). This ends the proof. O

The proof of the lemma below can be shown by an argument similar to that
of [1, Proposition 3.11], consequently, we omit the details.

Lemma 2.8. Let 1 <p <oo,a>—1,0< 8 < oo, and ¢ : [0,00) — [0,00)
be an N-function. Suppose ¢, € S(D) and g,h € H(D). Then PJ — Pj; i AP —
Bg is compact if and only if {fi}ren is a bounded sequence in AP, with f — 0
uniformly on compact subsets of D, and then ||(P] — Péj)kaBg —0ask — co.
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Suppose the operators Pg : AD — B and P$ : AD — Bf are bounded, then
sup E(g(z)] < oo and  sup()I(z)] < oo.
z€D z€D

It is trivial that if [|#]lec < 1 (or [[¥[lc < 1), then PJ : A% — B (or Pl

AP — Bg) is a compact operator. Indeed, for any bounded sequence {fj}ren in

AP converging to zero on the compact subset of D, we arrive atklim |24 fi BE =
— 00

klim 115 (2)19(2)| fx(¢(2))] = 0. Thus Lemma 2.8 tells the operator PJ : AL, — B
— 00

is compact. A similar case holds for the operator Péf AP — Bg. That is, the
difference operator PJ — Pj; : AP, — B is compact under the case [|¢[|oo < 1 and
[¥]lc < 1. Hence we are interested in the case when max{||¢|/co, ||[¥|lec} = 1.
The following is our main theorem in this section.

Theorem 2.9. Let 1 < p < 00, @« > -1, 0 < f < 00 and ¢ : [0,00) —
[0,00) be an N -function. Suppose g,h € H(D) and ¢, € S(D) satisfying
max{|[¢lec, [¢loc} = 1. If the operators PJ, Py : Ak — Bj are bounded,
then the following displays hold:

limsupn? =7 g¢" — hi)" |,

n—oo

2N Pg = Pillean—pg ~ lim i |77 (99)(2)] p(2)

+ lim bup ‘Tﬁhw z|pz
T%l‘w(

+ lim sup T (99)(2) — TV (h) ()|
= Lmin{o(:)L b)) >r | k
~ limsup [|(P] — Pqp)fa”B“’ + limsup || (P] — Pqﬁ)faHBg

la|—1 la|—1

= limsupn”|[ge™ — hy)" ||,z
n— oo

PROOF. Firstly, the boundedness of PJ : A2 — B and Pj : A}, — Bf imply
that My = sup uj(2)g(2)| < co and My = sup pf(z)|h(z)| < co. Lemma 2.6
z€eD zeD

together with Lemma 2.7 verify that
lim sup. !T’B (99)(2)] p(2) + lim sup | T () (2)] p(2)

o1 r=1y(2)>
+ lim sup [T/ (99)(2) — T (h)(2)]
r= 1 min{lo(2) b)) !
= lim sup ||(Pg PJJL)faHBg + 1i|m|81ip H(Pj,’ - Pﬁ)fa”li';’
al—

la|—1

< limsupn?[|gg"™ — ho)™| ..
n—r 00
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In conclusion, we need to show the following inequalities:

HPg_PJJLHeAPHB“’
= timsup (P — PE)fls; +limsup (P — PE) sy (2.31)

la]—1 la|—1

lim sup n”—l/”ngqb" — "

n— oo

< ||Pf — pope < lim sup [T (99)(2)] p(2)

Tl g(z) >

+ lim sup ”T’B (h)(z) |pz
"Ly (2)]>

+ lim sup | T (990)(2) = T3 () (=) (2:32)
T min{|¢(z)|,|¥(2)|}>r

On the one hand, { fa }aep and { fa }aep are bounded sequences in A?, and converge
to 0 uniformly on compact subsets of D as |a| — 1, and it yields l'}m | K fall BE =
hm ||Kfa||3sa = 0 for any compact operator K : AL — B by Lemma 2.8.

la]—
Therefore7 we deduce that

1Pg — Ple.az = hmsuplanI( ]j—K)faHB;;

la]—1

> limsupinf (||(P4 — P)fallsg — 15 fulls: )

la]—1

> limsup || (P — P}) fall sz, (2.33)

la| =1

which also holds for the function sequence {f,}. Hence (2.31) is true.

On the other hand, the first inequality in (2.32) is due to the bounded se-
quence { f,(z) = 2"/||2"|| sz } in A?, converging to 0 uniformly on compact subsets
of D as n — oo. Hence replacing f, by f, in (2.33), we conclude that

1P] = Ple.ag s = limsup | (P = P} fallsg

15 (2)lg(2)8" (2) — h(2)¥" (2)]

= lim sup sup
n—oo z€D HZTLHAQ
= limsupn? =7l gg" — hi" | e,
n—oo

the last line follows from ||2" || 4» & n~7*1/P as n — co. Next, we prove the second
inequality in (2.32). Consider the operators on H(D) defined by Py(f)(z) =
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f(,chl z), k € N. Denote @ (z)=kz/(k+1). Since &), € S(D) with ||Pg||ec <1, the
composition operator Cg, (= Pj;) can be proved compact on A2, by the analogous
ideas in Lemma 2.8. Furthermore, these operators are continuous on compact
open topology and Py(f) — f on compact subsets of D as k — oo. Since the

integral means My (f,r) (faD |f(rQ)|Pdo(C )) are nondecreasing in r, and by
the polar coordinates formula (1.2), it follows that

1Pu(f Ap—/|Pkf PdA(z) = /Da+1‘f<

1’
:2(a+1)/01r(1—7“2)ad7"/8m ( k1 )

<20+ 1) [ =ty [ 1OPaQ) = 11,

(1— |2*)*dA(2)

which is equivalent to saying that || Py(f)||az < ||f[|ar for all & € N. Conse-
quently,

sup || Pl az - az, < 1.
keN

Given a function f € AP with || f|| 4» <1, we set the notation Gy :=(I—P)f, k€N,

and it is trivial to show that Gy € AE, for all k € N with sup |G| 4z < 2. Since
keN

the operator PJ — PJ} : AL — Bj is bounded, and Py : A%, — A% is compact,

the operator (qu — PJ})PIC t AP — Bg is also compact. As a consequence, by the

definition of essential norm, we arrive at

1P] = Pplle, az 52

< limsup | (P —P1) = (P = PL)Pull gz =limsup | (P =PI =P g

k—o0

=limsup sup [|(P4 — PL)(I — Po)f|lgz =limsup sup [[(PZ — P})Gillss

k=00 [[f]l4p <1 koo [[f]l4p <1

—limsup sup sup uf(2) [9(2)Gr(6(2)) — h(2)Gr((2))] (2.34)

k=00 |[fl 4p <12€D
For an arbitrary r € (0, 1), we denote

Dy ={zeD:|p(z) < [Y(z) <7}, Dr={zeD:[p(z)| <rl¢(2)| >r},
Dy ={zeD:[p(z)| >r|o(z)| <71}, Da={zeD:|d(z)]>r|d(z)| >r};
I; := sup ,uﬁ(z) |9(2)Gr(d(2)) — h(2)Gr(¢(2))|, fori=1,2,3,4.

zeD;
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Employing the estimate |f(z)| < || f|laz /(1 —|2])” (Lemma 2.1) and the fact
(I — Py)f converges to zero uniformly on compact subsets of (H (D), co), it turns
out that

lim sup sup |({ —Pr)(f)(¢)]= lim sup sup |Gx(¢)]=0. (2.35)

k=00 || f|| 4p <1[¢|<r k=00 || £ yp <1[¢I<r

By (2.35), it yields that

limsup sup Iy <limsup sup  sup (uf(2)|g(2))|Gr(¢(2))]
koo | fllap <1 k=00 || ]l up <1 16(2)|<r

+limsup sup  sup (u5(2)[h(2)])|Gi(¥(2))|
k=00 |[fll4p S1I¥(2)|<r

< Mylimsup  sup sup |Gr(o(2))]
k—roo || f]l 45 <1 [e(2)|<r

+ Mplimsup sup  sup |Gr(¥(z2))| =0. (2.36)
koo [|fll4p <1I6()|<r

On the other hand, we formulate that

15(2)19(2)Gr(9(2)) — h(2)Gr(¥(2))]

HE()laC2) e
< 0 6P Ga(6()) — (1~ B Guw (o)
“(2)g(z “(2)h(z
(1 ) G () (1“f(| (;(g ()|2)>v - (l w)<z(>|2)>v
=T (98)(2)| p(2)+ (1= 10 (2)]*) |Gr( ()| T (990)(2) = T (hp) (2)| . (2.37)

Analogously, we can transform the above formula into

15(2) 19(2)Gr(9(2)) — h(2)Gr((2))|
=T () (2)|p(2)+ (1= 6(2) )7 |Gr(0(2))] | TV (99) (2) = TV (W) (2)] . (2:38)
Since the operators PJ : AL — Bf and Pjg : A%, — B are bounded, hence

PJ— P} : Ab, — B is bounded. Tt turns out that |T2(9¢)(2) — TP () (2)| < o0
by Theorem 2.5. Employing (2.35), we can show that

limsup sup I
k—=oo || f]l4p <1

<lmsup sup  sup [TP(he)(2)]p(2)
k—oo |Ifll 4 <1ld(2)[>7

+limsup sup  sup (1—[6(2)]*)7 |Gr(¢(2))] | T (9¢)(2) = T (1) (2)|

k—oo |Ifll 4z <1 l¢(2)I<r
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< sup [T (hy)(2)|p(z) +limsup sup  sup |Gi(¢(2))]
() > koo [17]ap <1I6(2) <r

= sup [T (h)(2)lp(2). (2.39)
() >

Similarly, utilizing (2.35) and (2.37), we can prove that

limsup sup I3 = sup |7 (9¢)(2)lp(2). (2.40)
koo flag <t I9()l>r

Finally, we deduce from (2.37) that

limsup sup Iy
k—=oo |Ifll 45 <1

= sup [T (99)(2)lp(2) + |Gill 4z sup |77 (99)(2) — T (h) (=)
16()[>r min{[9(=)], () [}>r

< sup [T (99)(2)lp(2)+ sup |77 (99)(2) =T (W) (2)| . (2.41)
[6()>r min{|6(=)],[1:()|} >+

Similarly, (2.38) entails that

limsup sup Iy =X sup |7;ﬁ(h¢)(z)|9(2)
n—00 ||f[l ,p <1 [p(2)|>r

+ sup 1T (99)(2) = T (h)(2)] - (2.42)
min{|¢p(2)],|¥(2)[}>r

Consequently, we put (2.36), (2.39), (2.40) and (2.41), (2.42) into (2.34), and let
r — 1 on both sides to derive that

IP§ = PJlle.az—pz <lim sup [T (g9)(2)| p(z)+1im sup |77 (h)(2)] p(2)
1) Plle,A —>Bﬁ T_>1|¢(Z)\>7"’ Y ’ T_”W(Z)|>T| Y |

+ lim sup |77 (99)(2) = T (h)(2)] -
r— min{|¢(z)|,|¥ ()|} >r

This ends all the proof for essential norm estimation. (Il

Subsequently, Theorem 2.9 indicates several equivalent characterizations for
the compactness of PJ — Pl AR — Bg.

Theorem 2.10. Let 1 < p < oo, « > =1, 0 < f < o0 and ¢ : [0,00) —
[0,00) be an N-function. Suppose g,h € H(D) and ¢,vp € S(D) satisfying
max{|[¢|loc, [|¢lloc} = 1. If the operators P, Pj : Ap, — Bf are bounded,
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then P(‘Z - Péj : AD — Bf is compact if and only if one of the following statements
hold:

(i) lim sup |TP(99)(2)| p(2) + lim sup [T (h)(2)] p(z)
T g(2) > Tl g ()| >r

+ lim sup TP (99)(2) — T (W) (2)| = 0;

™1 min{|p(2) [ ()|} >r 7 ! |

(i) tim sup 1P — P})fallsz + tim s 1(P§ = P) fallsg = 0.
— al—

a

Moreover, if the condition lim supn?|g¢™ — hw”HM; = 0 holds, then P — PZ; :
n— oo
AP — BY is also compact.

. h .
3. The properties of PJ — P} : AP — Bj,

3.1. The boundedness of PJ — Pl AR — Bf ;- In this section, we will use
the following three conditions:

Jim 52 la(2) b)) = 0 (3.1)
tim 5(2)10(2) — w(2)la(z)] = 0 (3.2)
Tim 5(2)10(z) - (=) ()] =0. (3.3)

Theorem 3.1. Let 1 <p<oo,a>—-1,0< 8 < oo and ¢ : [0,00) — [0,00)
be an N-function. Suppose ¢, € S(D) and g,h € H(D), then the following
statements are equivalent:

(i) P — Pp: AL — Bj  is bounded;
(ii) P§ — P} : AL — B is bounded, (3.1) and (3.2) hold;
(i) PJ — PJ}L : AD — BY is bounded, (3.1) and (3.3) hold.
PROOF. (i) = (ii). Suppose that P — P} : AP — Bf , is bounded. It is
obvious that P — Pl AR — Bf is bounded. Taking the function f(2) =1 € AL,
we get

lim pf(2)|((PE = Pp)f)(2)] = lim pf(2)|F(0(2))g(2) = (1 (2))h(2)]

|z]—1 |z|—1

= lim pf(2)|g(2) — h(z)] =0,

|z|—1
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which yields (3.1). Similarly, taking f(z) = z € AP, we verify that

lim pf(2)|(P] = Py)f) ()| = lim uf(2)|f(6(2)g(2) — F((2)h(2)]

|z]—1 |z|—1
= lim pf(2)|6(2)g9(2) — P(2)h(2)| =0.  (3.4)

|z]—1

The displays (3.1) together with (3.4) imply that

lim 15 (2)|é(2) — ¥ (2)]]9(2)]

|z|—1
= m WEGIOEIE) — GEG) + HEG) — vl
< lim WEEI6E9(E) — M + i pE ) - g(a)] =0

Thus equation (3.2) holds.
(ii) = (iii). We need to show (3.3) holds. By (3.1) and (3.2), it yields that

lim 1 (2)|6(2) — ¢(2)||h(2)]
(

|z]—1

The above inequalities imply (3.3), and then the statement (iii) holds.
(iii) = (i). Suppose that PJ — P]; : AD — Bf is bounded, (3.1) and (3.3) are
true. Then we choose a monomial f,,, = 2™ € AP for m € N, we conclude that

lim 15 (2)| (P — P} fm) (2)]

=,
. T 15| n(@(2)a(2) ~ Fu (DR = im, 15(2)[6" (a(2) ~v™ (h(:)|
< lim p5(2]6" (2) ~ 0" ()Ih(:)] + im uE(2)16()] (=) ~ h(2)
< lim p5(2I0(2) ~ BEIIREE" () + 6" 2 () + -+ v 2)

+ Jim (/02 "lo(2) - h(z)

<m lim 5(2)10(z) — w2 A)] + lim 5 (la(z) — ()] =0,

|z|—1

where the last equation follows from the formulas in (iii). That is equivalent
to saying that Pg — P]g maps all monomials 2™ into BEO for m € N. Thus
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(Pg— Pg)p € Bg,o for any polynomial p. Since the set of all polynomials is dense
T ap » . . o

) ’ S
in AP, for any f € AP, there is a sequence of polynomials {qi}ren satisfying
If = axllan, — 0 as k — oo. Thus by the boundedness of PJ — Pl AR — BE, it
turns out that

I(P] = Py)(f = aw)llsz , < I1PS — Pillazme IIf = akllan =0, k0.

Due to the boundedness of Py — Py : A% — B and that BY ; is a closed subset
of BY, we validate that (PJ — P}})(A%) C Bf . That is, P§ — P} : Ab — BY | is
bounded. This completes the proof. (]

The following lemma can be proved analogously to [13, Lemma 1], so we omit
the details.

Lemma 3.2. A closed set K in Bg o is compact if and only if it is bounded
and

lim sup ()| f(=)] = 0.
[2]—=1 e

Theorem 3.3. Let 1 <p <oo,a>—1,0< < oo and ¢ :[0,00) = [0,00)
be an N -function. Suppose ¢, € S(D), with max{||¢|/co, |¢|lc} =1 and g, h €
H(D) such that P — PJ} : AL — B, is bounded, then the following statements
are equivalent:

(i) Pg — Pg : AL, — BY is compact;
(i) limsup 77 (96)(2)p(z) + limsup T (ht)) (2)p(2)

|z]—=1 |z|—1

+ lim sup |7;’3(g¢)(z) — 7;’3(h¢)(z)| =0. (3.5)

|z|—1

PROOF. (i) = (ii). Suppose that P§ — P} : A? — B is compact. Choose
a sequence {zj }ren such that |zx| — 1 as k — oo. Define the function

iy U= l@@)lP)T v(z) — 2

It is clear that f € A?, then (P] - Pg)fk € Bj - That means that

0= lim puf(=0) (P = P ) (z0)

= Jim o) Fe0aten) — )| = i PO

k—o0
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which implies

¢
“fi}i‘ip T (99)(2)p(2) = li‘rzn‘ilip mmp

Analogously, we can deduce that
lilrﬁilip T (h)(2)p(2) = lilrﬁilip -9 =

On the other hand, we define

(L o))

(1= (z1)2)>"

then f € AL, and (PJ — P}) fi, € Bf ;. Moreover, fi(¢(zx)) = 1/(1 — |p(zx)]?)".

Hence we formulate that

1S (z2)|(PS =PI fr) (2)]

fe(2) =

= pj ()| fu((2k))g(2k) — fr(¥(z)) R (2k)|

(s 9(2k) B h(z) h(2k) B o VVh(

=) T 0B~ A=) A= oy )
9(zk) _ h(zk)

2 150 | T 6Py~ T eGP

“(zi)|h(z
_ stk (1= (820" fi(D(2k)) — (1= [9o(2) P) fi (0 (21))

(1= |p(zr)]?)
9(zr) h(zk) _ mhG)lh(ze)| (o),

(I=1le)P)Y  (L=[o(z)P) | (1= [(z)?)

which verifies

= puf(zk)

g(zr) h(z)

(T=1lo(z) ) (1= [(ze)?)

P(z1)|h(z
< BRCTRCAL ofea) 4 IR ~ P o)l

The above displays together with (3.7) justify that
limsup |77 (96)(2) — 77’ (h) (2)]

|z|—1
= limsu z 9(2) - h(z) _
_1‘2‘_”PM§( ) (1_ |¢(z)|2)7 (1_ W)(Z)P)W 0. (3.8)

The formulas (3.6)—(3.8) entail the statement (ii).

15 (2)
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(ii) = (i). We recall that the operator PJ — Py : A%, — B is compact if
and only if it maps any bounded subset B C AP, into a relatively compact subset
in B . Since PJ — Pl AP — Bf , is bounded, hence the norm closure of the set
(P] — PJ})(B) is also bounded and closed in B ;. Furthermore, by Lemma 3.2,
we only need to show |£§1 ?gg /LE(Z)H(PQ Ph) f1'(2)| = 0. The above display

implies

2 —Pl’;)”ﬂf%}'(z) -

for f # 0. It is clear that for f = 0 the previous equation holds. Therefore, it is

lim sup p
=11 fe 5)

)

enough to show that
lim sup{pf (2)|(P] = PL)f) (2)] : f € AL, | fllan <1} =0.
Now, given f € AP, with [|f|| 4z < 1, analogously to (2.24), we have that

uEI((P] = P F) ()]
E( )If( (2))g(2) = f(¢(2))h(2)|
= [T7(99)(2)lp(2) + |77 (90)(2) = T} () ()| = 0, [2] — 1.

That means the operator ngPJf AP — Bg o is compact. The proof is finished. [

4. Some corollaries

In this section, we employed the above theorems to provide some character-
izations for the difference T,Cy — 1},Cy acting from weighted Bergman spaces to
B-Bloch—Orlicz spaces.

Replacing g,h € H(D) by ¢,h' € H(D) in Pg — Pqéﬂ it turns out that
Pg/ — Pl =T,Cy — T),Cy, which is defined as

z
(T,Cy—ThCy) f / foO)g (Wdi— | fo@W O, f € HD), 2D,
0
In addition, we denote the two notations below for the next two corollaries,

ps(2)g'(2) p (2N (2)

T =T TV = T mer
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Corollary 4.1. Let 1 <p<oo,a>—1,0< < oo and ¢ : [0,00) — [0,00)
be an N-function. Suppose ¢, € S(D) and g,h € H(D), then the following
statements are equivalent:

(1) TgC¢ — Th0¢ : AZ — Bg is bounded;
(i) Sup T (9'6)(2)|p(2) +sup 1 T7(g'9)(2) = T (W')(2)] < o0,
Sup 77 (W) (2)|p(2) +sup | T7(9'0)(2) = T (W'0)(2)] < oo

(ili)  sup [[(T,Cp — TuCy) fallgz + sup [(TyCs — ThCy) full sy < oo
a€D acD

Morever, if sup n"||¢g'¢" — h’w”HMg < oo holds, then (i) is true.
n€Np
Corollary 4.2. Let 1 < p < oo, a > —1,0 < 8 < o0 and ¢ : [0,00) —
[0,00) be an N-function. Suppose g,h € H(D) and ¢, € S(D) satisfying
max{||¢[lcc, [[¥lloc} = 1. If the operators TyCy, Tp,Cy : AL, — Bj are bounded,
then the following relationships hold:

||TQC¢ - TwaHe,AﬁaB;;’
~lim sup [T o)+ lim sup |[TEH)()] p(e)

'r‘—>1‘¢(z)‘>7. T‘—)l‘w(z)|>7_

+ lim sup 1T (9'9)(2) = T (W'9)(2)|
" L ming|g(2), v (2) [} >r

~ limsup || (T,Cy — Twa)faHBE + limsup ||(T,Cy — ThCz/;)faHBg
la|—1 la]—1
< limsupn[|g'¢"™ — h')"||,e.

n—oo

In what follows, we will use the below conditions:

tim ()l () ~ ()] = 0 (4.1)
Tim i5(2)[6(2) ~ v(a)lg ()] = 0 (4.2)
T gE(2I6(2) — I ()] = 0. (4.3)

Corollary 4.3. Let 1 <p<oo,a>—1,0< < oo and ¢ : [0,00) — [0,00)
be an N-function. Suppose ¢, € S(D) and g,h € H(D), then the following
statements are equivalent:
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(i) T,Cs — ThCy : A, — B, is bounded;
(i) T,Cy — TnCy : A%, — Bj is bounded, (4.1) and (4.2) hold;
(ili) TyCp — TnCy : AL — B is bounded, (4.1) and (4.3) hold.

Corollary 4.4. Let 1 <p<oo,a>—1,0< < oo and ¢ : [0,00) — [0,00)
be an N-function. Suppose ¢, € S(D) with max{[|¢|c, ||} = 1 and
g,h € H(D) such that T,Cy — T;,Cy : AL, — Bj , is bounded, then the following
statements are equivalent:

(i) TyCy —TnCy : A, — Bf ) is compact;
(ii) limsup 77 (g'¢)(z)p(z) + limsup 'Tf(h'?ﬂ) (2)p(z)
|z|—1

|z|—1

+ lim sup |7;ﬁ(9/¢’)(z) - Tf(h’w)(Zﬂ =0.

|z]—1

Using the above theorems, we can also easily deduce similar descriptions for
the differences T9 — T" and T, — T}, acting from weighted Bergman spaces to
B-Bloch—Orlicz spaces, hence we omitted them.
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